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Abstract. We call a manifold with torsion and nonmetricity the metric-affinc 
manifold. The nonmetricity leads to a difference between the auto parallel line 
and the extreme line, and to a change in the expression of the Frenet transport 
and moving basis. The torsion leads to a change in the Killing equation. We 
also need to add a similar equation for the connection. 

The analysis of the Frenet transport leads to the concept of the Cartan 
transport and an introduction of the connection compatible with the metric 
tensor. The dynamics of a particle follows to the Cartan transport. We need 
additional physical constraints to make a nonmetricity observable. 



1. Torsion Tensor in general relativity 

Close relationship between the metric tensor and the connection is the basis of 
the Riemann geometry. At the same time, connection and metric as any geomet- 
rical object are objects of measurement. When Hilbert derived Einstein equation, 
he introduced the lagrangian where the metric tensor and the connection are inde- 
pendent. Later on, Hilbert discovered that the connection is symmetric and fonud 
dependence between connection and metric tensor. One of the reasons is in the 
simplicity of the lagrangian. 

Since an errors of measurement are inescapable, analysis of quantum field theory 
shows that cither symmetry of connection or dependence between connection and 
metric may be broken. This assumption leads to metric-affinc manifold which is 
space with torsion and nonzero covariant derivative of metric (section 2). Inde- 
pendence of the metric tensor and the connection allows us to sec which object is 
responsible for different phenomenon in geometry and therefore in physics. Even 
we do not prove empirically existence of torsion and nonmetricity we see here very 
interesting geometry. 

The metric- affine manifold appears in different physical applications. It is very 
important to understand what kind of geometry of this space is, how torsion in- 
fluences on physical phenomena. This is why small group of physicists continue to 
study gravitation theory with torsion [1, 2, 3, 4, 5]. 

In particular we have two different definitions of a geodesic curve in the Riemann 
manifold. We consider a geodesic curve either as line of extreme length (such line is 
called extreme) , or as line such that tangent vector keep to be tangent to line during 
parallel transfer (such line is called auto parallel). Nonmetricity means that parallel 
transport does not conserve a length of vector and an angle between vectors. This 
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leads to a difference between definitions of auto parallel and extreme lines ([6] and 
section 5) and to a change in the expression of the Frenet transport. The change 
of geometry influences the second Newton law which we study in section 11. I 
show in theorems 10.1 and 11.1 that a free falling particle chooses an extreme line 
transporting its momentum along the trajectory without change. 

Patern of the Newton second law depends on choice of potential. In case of scalar 
potential the Newton second law holds the relationship between force, mass and 
acceleration. In case of vector potential analysis of motion in a gravitational field 
shows that the field-strength tensor depends on the derivative of the metric tensor. 

Nonmctricity dramatically changes law how orthogonal basis moves in space 
time. However learning of parallel transport in space with nonmetricity allows us 
to introduce the Cartan transport and an introduction of the connection compat- 
ible with the metric tensor (section 10). The Cartan transport holds the basis 
orthonormal and this makes it valuable tool in dynamics (section 11) because the 
observer uses an orthonormal basis as his measurement tool. The dynamics of a 
particle follows to the Cartan transport. The question arises from this conclusion. 

We can change the connection as we show in section 10. Why we need to learn 
manifolds with an arbitrary connection and the metric tensor? The learning of the 
metric-affine manifold shows why everything works well in the Riemann manifold 
and what changes in a general case. What kind of different physical phenomena 
may result in different connections? Physical constraints that appear in a model 
may lead to appearance of a nonmetricity [4, 7, 8]. Because the Cartan transport is 
the natural mechanism to conserve orthogonality we expect that we will interpret 
a deviation of the test particle from the extreme line as a result of an external to 
this particle force 1 . In this case the difference between two types of a transport 
becomes measurable and meaningful. Otherwise another type of a transport and 
nonmetricity are not observable and we can use only the transport compatible with 
metric. 

I see here one more opportunity. As follows from the paper [7] the torsion 
may depend on quantum properties of matter. However the torsion is the part 
of the connection. This means that the connection may also depend on quantum 
properties of matter. This may lead to breaking of the Cartan transport. However 
this opportunity demands additional research. 

The effects of torsion and a nonmetricity are cumulative. They may be small but 
measurable. We can observe their effects not only in strong fields like black hole 
or Big Bang but in regular conditions as well. Studying geometry and dynamics 
of point particle gives us a way to test this point of view. There is mind to test 
this theory in condition when spin of quantum field is accumulated. We can test a 
deviation from second Newton law or measure torsion by observing the movement 
of two different particles. 

For instance if we extend the definition (11.2) of a force to a general case (11.1) we can 
interpret a deviation of a charged particle in electromagnetic field as result of the force 

F j = -^g ij F u u l 

The same way we can interpret a deviation of the auto parallel line as the force 

F = cT r (C)ki u u 

u" 

I remind that the Cartan symbol is the tensor 
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To test if the spacetime has the torsion we can test the opportunity to build a 
parallelogram in spacetime. We can get two particles or two photons that start 
their movement from the same point and using a mirror to force them to move 
along opposite sides of the parallelogram. We can start this test when we do not 
have quantum field and then repeat the test in the presence of quantum field. If 
particles meet in the same place or we have the same interference then we have 
torsion equal in this thread. In particular, the torsion may influence the behavior 
of virtual particles. 

2. Metric-affine Manifold 
For connection [ll]-(4.2) we defined the torsion form 

(2.1) T a = d 2 x a + ui b A dx b 
From [ll]-(4.2) it follows 

(2.2) ujI A dx b = (r£ c - T a cb )dx c A dx b 
Putting (2.2) and [11]-(4.14) into (2.1) we get 

(2.3) T a = T? b dx c A dx b = -c a cb dx c A dx b + (rg c - T a cb )dx c A dx b 
where we defined torsion tensor 

(2.4) r« 6 = r a bc - v% - c% 

Commutator of second derivatives has form 
(2-5) u% - u% = R% k u? - Jf h u% 

From (2.5) it follows that 

(2-6) Cb Oc = Xdbet* - 

In Rieman space we have metric tensor and connection rjy. One of the 
features of the Rieman space is symetricity of connection and covariant derivative of 
metric is 0. This creates close relation between metric and connection. However the 
connection is not necessarily symmetric and the covariant derivative of the metric 
tensor may be different from 0. In latter case we introduce the nonmetricity 

(2-7) Qi! g% /// • v^r ■ i;,/y'" 

Due to the fact that derivative of the metric tensor is not 0, we cannot raise or 
lower index of a tensor under derivative as we do it in regular Ricmann space. Now 
this operation changes to next 

This equation for the metric tensor gets the following form 

Definition 2.1. We call a manifold with a torsion and a nonmetricity the metric- 
affine manifold [1]. □ 

If we study a submanifold V n of a manifold V n + m , we see that the immersion 
creates the connection that relates to the connection in manifold as 

gJ 

pa I _ yl m k I P 
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Therefore there is no smooth immersion of a space with torsion into the Riemann 
space. 

3. Geometrical Meaning of Torsion 
Suppose that a and b are non collinear vectors in a point A (see figure 3.1). 



We draw the geodesic L a through the 
point A using the vector a as a tan- 
gent vector to L a in the point A. Let 
t be the canonical parameter on L a 
and 

dx k h 

We transfer the vector b along the 
geodesic L a from the point A into a 
point B that defined by any value of 
the parameter r = p > 0. We mark 
the result as b'. 

We draw the geodesic L& through 
the point B using the vector b 1 as a 
tangent vector to Lb' in the point B. 
Let ip' be the canonical parameter on 
Ly and 

dx k 
d^p 7 

We define a point C on the geodesic 
Lv by parameter value ip' = p 



= b 



Ik 



We draw the geodesic Lb through the 
point A using the vector b as a tan- 
gent vector to Lb in the point A. Let 
ip be the canonical parameter on Lb 
and 

dx k _ b k 
dcp 

We transfer the vector a along the 
geodesic Lb from the point A into a 
point D that defined by any value of 
the parameter ip = p > 0. We mark 
the result as a' . 

We draw the geodesic L a > through 
the point D using the vector a' as a 
tangent vector to L a > in the point D. 
Let t' be the canonical parameter on 
L a i and 

dx k lk 

-dV = a 

We define a point E on the geodesic 
L a ' by parameter value r' = p 



Formally lines AB and DE as well as lines AD and BC are parallel lines. Lengths 
of AB and DE are the same as well as lengths of AD and BC are the same. We 
call this figure a parallelogram based on vectors a and b with the origin in the 
point A. 

Theorem 3.1. Suppose CBADE is a parallelogram with a origin in the point 
A; then the resulting figure will not be closed [6]. The value of the difference of 
coordinates of points C and E is equal to surface integral of the torsion over this 
parallelogram 2 



k 



T" dx T 



A dx r ' 



Proof. We can find an increase of coordinate x k along any geodesic as 



As 



Id 



2„k 



dx k 

~dV T+ 2~dr T 



0(t 2 



dx k 



r-ir- 



dx m dx r 



+ 0(r 2 ) 



dr ' 2' mn dr dr 
where r is canonical parameter and we take values of derivatives and components 
T^ nn in the initial point. In particular we have 

A AB x k = a k p - iF^K^V + 0(p 2 ) 



Proof of this statement I found in [9] 
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Figure 3.1. Meaning of Torsion 
along the geodesic L a and 

(3.1) A BC x k = b' k p l -T k m {B)b' m b' n p 2 + 0( P 2 ) 
along the geodesic . Here 

(3.2) b' k = b k - T k mn {A)b m dx n + 0{dx) 
is the result of parallel transfer of b k from A to B and 

(3.3) dx k = A AB x k = a k p 

with precision of small value of first level. Putting (3.3) into (3.2) and (3.2) into 
(3.1) we will receive 

A BC x k = b k p - T k mn (A)b m a n p 2 - l -T k mn (B)b m b n p 2 + 0{p 2 ) 

Common increase of coordinate x K along the way ABC has form 

&ABcx k = A AB x k + A BC x k = 

(3.4) =(a k + b k )p-T k m {A)b m a n p 2 - 
-\r k mn (B)b m b n p 2 l -T k mn (A)a m a n p 2 + 0(p 2 ) 

Similar way common increase of coordinate x K along the way ADE has form 
A A DEX k = A AD x k + A DE x k = 

(3.5) =(a k + b k )p-T k mn (A)a m b n p 2 ~ 

-\r k nn (D)a m a n p 2 - l -T k mn {A)b m b n p 2 + 0(p 2 ) 
From (3.4) and (3.5), it follows that 

A ADE x k - A ABC x k = 

= T k mn {A)b m a n p 2 + \T k mn {B)b m b n p 2 + \T k nn {A)a m a n p 2 - 
A 1 A 2 



-T k mn (A)a m b n p 2 - l -T k mn {D)a m a n p 2 - l -T k mn {A)b m b n p 2 + 0(p 2 ) 
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For small enough value of p underlined terms annihilate each other and we get 
integral sum for expression 



A ADE x k - A ABC x k = / / (T k m - T k mn )dx m A dx 



„fc A . k — I I (T^fc 

However it is not enough to find the difference 

&ADEX k - A ABC X k 

to find the difference of coordinates of points C and E. Coordinates may be anholo- 
nomic and we have to consider that coordinates along closed loop change [f f]-(4.15) 

Ax k = I dx k = - [[ c k mn dx m A dx 11 

J EC BADE J JT, 

where c is anholonomity object. 

Finally the difference of coordinates of points C and E is 

A CE x k = A ADE x k - A ABC x k + Ax k = jJjXlm ~ It„ - c k mn )dx m A dx n 

Using (2.4) we prove the statement. □ 

4. Relation between Connection and Metric 

Now we want to find how we can express connection if we know metric and 
torsion. According to definition 

-Qkij = 9ij;k = 9ij,k - Fi k 9pj - r jfcffpi 

— Qkij = 9ij,k — ^ikSpj ~ ^kj9pi ~ Sj k g p i 

We move derivative of g and torsion to the left-hand side. 
(4.1) 9ij,k + Qkij - Sj k g pi = F? k g pj + T p kj g pi 

Changing order of indexes we write two more equations 
(4-2) 9jk,i + Qijk ~ S p kl g p:j = r p z g pk + T p ik g pj 

(4-3) 9ki,j + Qjki ~ Sf^pk = T p k] g pl + T^gpk 

If wc substruct equation (4.1) from sum of equations (4.2) and (4.1) we get 

9ki,j + gjk,i ~ 9ij,k + Qijk + Qjki - Qkij — S P j9 P k — S ki g P j + S p k g pi = 2T p i g pk 
Finally we get 

= —g P (9ki,j + 9jk,i ~ 9ij,k + Qijk + Qjki ~ Qkij ~ ^ij9rk ~ S ki g r j + Sj k g r i) 
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5. Line with Extreme Length 

There are two different definitions of a geodesic curve in the Riemann manifold. 
One of them relies on the parallel transport. We call an appropriate line auto 
parallel. Another definition depends on the length of trajectory. We call an 
appropriate line extreme. In a metric-affine manifold these lines have different 
equations [6]. Equation of auto parallel line does not change. However, the equation 
of extreme line changes 3 . 

Theorem 5.1. Let x l = x l (t,ot) be a line depending on a parameter a with fixed 
points at t = t\ and t = t% and we define its length as 



* 2 / dx 1 dx 3 



(5 - 1} s = J tl V 9 ^^r dt 

Then 

,„> . f t2 fl , , dx k dx 3 , dx 3 \ . i 

(5-2) Ss = ^ ^- {g kjvl - g ih .j - gij . k ) ——da - 9ijD— J Sx 

where Sx k is the change of a line when a changes. 
Proof. We have 

ds I dx % dx 3 

and 

v '-dt 



dt V 5u dt dt 



o ds 
L dt 

We can estimate the numerator of this fraction as 

k dx l dx 3 dx % dx 3 

t h 7 i ,.dx 3 „ ™ r h dx l dx 3 „ Sx 1 dx 3 
= g lJ;k Sx dxdt— + 2 9ij T] k Sx __ +2flW d— — 

. dx 1 dx 3 „ D5x l dx 3 



and we have 



dt dt J dt dt 

r t 2 n 

Ss -- 



g ij . k Sx k dx i ^-+2g ij D6x i ^- 



O ds 

*i z ii 



f t2 fl . kj idx 3 nr tdx 3 
./. {- 2 9^dx— +9lJ D5x — 

1 „ dx k , dx 3 , ( „ „• dx 3 \ dx k , dx 3 „ .• „ dx 3 



2 9 k r^—ds— + d \9i^— I - gij , k —ds—5x* - 9ij D—5x" 



r t dx 3 
gijOx 



f t2 ( 1 dx k dx 3 dx 3 \ 

J [r, (9kr,i ~ 9ir,k ~ ft*) ~ 9ijD— j Sx 



ds 

First term is because points, when t = ti and t = are fixed. Therefore, we 
have got the statement of the theorem. □ 



^To derive the equation (5.3) I follow the ideas that Rashevsky [10] implemented for the 
Riemann manifold 
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Theorem 5.2. An extreme line satisfies equation 

D ^ 1 a, ,dx k dxi 

Proof. To find a line with extreme length we use the functional (5.1). Since 5s = 0, 
1 dxi dx^ 

follows from (5.2). □ 

Theorem 5.3. Parallel transport along an extreme line holds length of tangent 
vector. 

Proof. Let 

i _ daf_ 
ds 

be the tangent vector to extreme curve. From theorem 5.2 it follows that 
Dl > 1 ii l i \ k i 

9 77 [9kj;i ~ 9ik;j ~ 9ij;k) V V° 



and 



ds * 2 

Dg kl v k v l Dg u k , Dw fc , fc Dw' 

— ^ = —t—v L v l +g k i——v l +g kl v k — = 

ds ds ds ds 

= gkl;pV P V k V l + 

+9ki9 lk -^ {9rj;i ~ 9ir- 3 - 9ij;r) v r v J v l + g H v k g d - i// r , : , - g ir -j - gij-r) v r v 3 = 

= gki; P v p v k v l + (g rj; i - gi r .j - gij. r ) v r v 3 v l = 
Therefore length of the vector v % does not change along extreme curve. □ 

6. Frenet Transport 

All equations that we derived before are different, however they have something 
common in their structure. All these equations express movement along a line and 
in the right side of them we can see the curvature of this line. 

By definition curvature of a line is 



D dx 
as 



ds 



Therefore we can introduce unit vector e\ such that 

as _ t I 

ds 

Knowledge of the transport of a basis along a line is very important, because it 
allows us to study how spacetime changes when an observer moves through it. Our 
task is to discover equations similar to the Frenet transport in the Riemann space. 
We design the accompaniment basis v l k the same way we do it in the Riemann 
space. 

Vectors 

dx l {t) Dg D 71 - 1 ^ 



dt ' dt "' dt r ' 
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in general are linearly independent. We call plane that we create on the base of 
first p vectors as p-th osculating plane R p . This plane does not depend on choice 
of parametr t. 

Our next task is to create orthogonal basis which shows us how line changes. 
We get vector v\ e R\ so it is tangent to line. We get vector v % <E R p , p > 1 such 
that v p is orthogonal to R p -\. If original line is not isotropic then each v p also is 
not isotropic and we can get unit vector in the same direction. We call this basis 
accompaniment . 

Theorem 6.1. The Frenet transport in the metric-affine manifold gets the form 
Dv v 1 im k ; 

/g j\ = 2 a%m \9kl;m, - 9km;l ~ 9ml\k)^l V p - 

e k = sign(g pq vlv q k ) 
Here vi is vector of basis, moving along line, 

e k = sign(g pq v p k v q k ) 
Proof. We introduce vectors v k in this way that 

Dvi 1 . . , 

(6-2) = ^g m (9kl;m - 9k,n:l ~ 9ml;kM^ p + a q p v\ 

where = when q > p + 1. Now we can determine coefficients a^,. If we get 
derivative of the equation 

9ij v P v \ = const 
and substitute (6.2) we get the equation 

ds ~ ds v * v l> +9 *> d s v i +9 » v " ds ~ 

= 9ij;k v l v a v l + 
+9ij{^9 im (9kl;m ~ 9km;l ~ ffml;k)"l"£ + a q V q )vl + 
+9t^ t a (^9 3m (9kl- m - 9km;l ~ 9ml;k)v\v\ + a q is q ) = 

+9i]^9" n {9kl-m - 9km:l ™ 9ml;k)^l ^oVl + 9t]a q V q V J b + 

+9i 3 v' l a\g 3m {9ku m - 9k m -i - 9ml\k)v\v{ + g^v l a a\v l q = 



1 



o^M^^ffij';* + Skv -3 ~ Skj;i ~ 9ji;k + 9kj;i - 9ki;j ~ 9ij;k)+ 



+e b a b a + +e a al = 

a q = when q > p + 1 by definition. Therefore aj, = when q < p — 1. 
Introducing £ p = a p+1 we get 

When q = p we get 

a£ = 

We get (6.1) when substitute a q in (6.2). □ 
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7. Lie Derivative 
Vector field £ fe on manifold generates infinitesimal transformation 

(7.1) x' k = x k +e£ k 

which leads to the Lie derivative. Lie derivative tells us how the object changes 
when we move along the vector field. 

Theorem 7.1. Lie derivative of metric has form 

(7.2) C i9ab = $ <a> gkb + # & 'I!-: + T{ a gi b S, k + T l kb gU k + g ab ;<k>Z k 
Proof. We start from transformation (7.1). Then 

g a b(x') = g a b{x) + .9ab, c e£ c 

dx c dx^ 

= gab - e£%gcb - e^ b g ac 
According to definition of Lie derivative we have 

£t9ab = g a b{x') - g' ab ( x ') 

= g a b,c^ C + e^a9cb + t£%9ac 

= (gab-<o + ^i c 9db + Tf c gad)e^ c 

. £t9ab = g a b;<c>e + ri c gdbt c + f£s««£ c 

+ C,< a >9cb - r^ Q £ g cb + c ? <b> g ac - r= fc £ g ac 

(7.2) follows from (7.3) and (2.4). □ 
Theorem 7.2. Lie derivative of connection has form 



(7-4) ^fF&c — — Rbcp£ P ~ r ^bp;<c>^ P ~ ^&e£;<c> + €?<bc> 

Proof. We start from transformation (7.1). Then 



(7.5) = T a bc (x) + T a bc ^e + A a bc (x) + Ai^e 



Tf c {x') = T'Ux l ) + A£{x') 

_ dx' a dx f dx 9 dx la d 2 x e dx' a dx f dx 9 

~ ~dx^dx 1E dx^ fg{ - X > + dx e dx' b dx' c + 'dx T dx^dx^ } ' 9 ^ 

= ^bc + <%n c ~ <%Kc ~ ^cKe + + <e)(-<c 6 )) 

+ Ab c + e£, a e Al c — e£%A* c — e^ e A be 



(7.6) T' b l(x') = Tl + e(,%Tl c - e^T- c - e£T£ e - e^ cb 

By definition 

pa _ pa , "pS - CP 

S;<e> ~~ S,e ' 1 peS 

(7-7) Ce = ^<e>-r^e 
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ca co , pa CP pP ca 

?;<e/> — ?;<e>,/ "r 1 p/?;<e> 1 e/S;<p> 

— to i "pa cp _i_ pa <rP i pa CP _ pP t« 

— S,e/ ' - 1 - pe,/S T 1 peS,/ ~r 1 p /S;<e> 1 e/S;<p> 

— £ a 4- "T^ PP J- Va~P p — pa - pP C r _l_ pa - tP _ pP CO, 

— S,e/ ' 1 pe,/S ' • L peS;</> 1 pe 1 r/S T~ 1 p/S;<e> i e/S;<p> 

(7-8) ^, e / = £ ; <e/> ~ -Tpg jC p ~ ^pes\</> + r^ e r r ^£ — r^^ <e> + rgj£ ;<p> 

We substitute (7.8) and (7.7) into (7.6) and get 

_ e (t* —T°- PP — Ta~£ p J-Va~VP~P r —T°~£ p i pP t a ~\ 

fc lS ; <c6> i pc,6S 1 pcS ; <b>^ "I" 1 pe 1 rbS 1 1 p S;<c> 3 ~t~ 1 e bS;<p> ^ J 

(7.9) F£(z') - ^+e(e ; a <e >T^-^ p Ti:+C< c > T 6 "+^ P ^-C< c6 >+^ 
According definition of Lie derivative we have using (7.5) and (7.9) 

W = (W)-^'))e- 1 

_ra~_ e: (ta T e Y*a~CPj^e~ _i_ c e i fTtPpT _ to if! tfP^^, 

1 be fc lS;<e> J cb 1 peS 1 be S; <c> J be 1 peS 1 be S;<cb> ~>~ 1 pc,bS J7 fc 

(7.10) £ s rt = r^-C<e>^+r^ p r^ 

From (7.10) and (2.4) it follows 

C ,pT _ pa tP _ pa CP 
be ~ 1 cb,pS 1 C p,bS 

i paH^f P _ "plTT^tP i pFT^CP _ J^b~~Tv~CP 4- pa pe « 
' 1 pe 1 bcS 1 ep 1 bcS ' 1 ep 1 bcS i T L ep x cbS d T r ep 1 c bS 

_ pe - pa - ^? 5 4- Pe F a fP — F" Te tP 4_ F" Te £P — pa pe tf 
1 pc 1 beS 1-r ' 1 pe 1 ebS 1 1 eb 1 peS ? T T 1 eb 1 cpS 2 1 eb 1 cpS 

/a ryne C e rpa ■ C a /pa CP /pa CP 

— S;<e> J cb — S;<c> J 6e "+" S;<cb> — J ep,bS — 1 bc.pS 

Z' .pa - _ pa CP _ pa <rp i pTT^fP _ pa^pe - CP 
''-S- 1 - 6c — 1 cb,pS 1 c p,6S t 1 ep 1 cbS 1 eb 1 cpS 

_ T^a "pF'fP _ fo~Te <rp _ fTT" CP _ pa - ^ cp 
pe bcS d T 1 ep^ bcS ^ x pe^ebS 1 eb cpS ^ 

(7.11) - C<e>^cb — £f<c>^6e + £"<cb> 

T^a /^p _|_ pa T^e /^p pe a^a ^p pe rpa CP 

± cp;<b><, ' 1 " 1 eb^cpS 2 1 cb- t epS ^ J-pb^ceS 

_ rrna cp i fF^e tP _ pe~>pa cP _ T^e~rpa ep 

- t bc;<p>S i^ep^bcS 1 1 bp J ecS 1 cp J beS g 

From (7.11) and [H]-(4.23) it follows 

be " -"-cpbS 

rrie Till CP CP r p e r T a CP 

cp e6a pe cb>> bp ce> 

C a T^e C e _i_ £ a 

S;<e> J cb S;<c> J be "+" S;<cb> 

Tia CP T^a cp 

J cp;<b>S J bc;<p>S 

/- pTT _ _~Da~CP 

be — ^cbpS 

/"^p a ^p e i ^p a p e i ^p a ^p e \CP 

\ eb cp ' ep be ' ec pb/S 

ca pe c e T^a _j_ c a 
— S;<e> J cb — S;<c> J be "+" S;<cb> 

rpa CP r J ia CP 

J cp:<b>S J bc;<p>S 
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From (7.12) and (8.1) it follows 

r pa pa CP 

J ~S L be — -^cpb? 



Ra C V _ pa CP _ R« CP 
-"-bep? ^pbcS ^cpbS 

T a CP _l_ T a CP 4- T° CP 

^bc:<p>^ T ^pb;<c>S T J cp;<b>S Q 

fa /pe fe aid I £a 

?;<e> J cb ?;<c> J be S;<cb> 

rpa CP r V a CP 

- t ep;<b>S J bc;<p>S 



(7.13) — -RlcpC ~ RpbA V ~ Tbp,<c>t, P - t?<e>Tcb £,-<c>Tbe + £"<cb> 

We substitute (2.6) into (7.13) 



In i /( \ /• pa no CP p a ,;p pe fa _ /pa f e _ rpp >a , ta 

K'-^l be ~ -""bep? J bp;<c>? J cb^;<e> 1 J beS;<c> J bc^;<p> 1 S<bc> 

(7.4) follows from (7.14). □ 
Corollary 7.3. Lie derivative of connection in Rieman space has form 
(7.15) ^Yl c = -R a cbj) e + ^cb 

Proof. (7.15) follows from (7.4) when T b a c = □ 

8. Bianchi Identity 
Theorem 8.1. The first Bianchi identity for the space with torsion has form 

rpk I rpk _i_ rpk i rpk rpP , rpk rpP , rpk rpP 

ij;<m> ' mi:<j> ' jm;<i> ' pi jm ' pm ij ' pj mi 
(8.1) 

= R k ■ + R k + R k ■ ■ 

jmi ' ijm ' rmj 

Proof. Differential of equation (2.3) has form 



T^ m e m A 0» A 0» = (T* jW - I* A9 l A9 J 

Two forms are equal when their coefficients are equal. Therefore 



T 7 ^ _|_ T 7 ^ 4- T^' pfc pfc _i_ pfc pfc _i_ pfc pfc 

ij,m ' ± mi,j ' jm,i 1 ji.m ij.m ' im,j tni,j ' mj,? jm,z 

We express derivatives using covariant derivatives and change order of terms 



rpk _ pfc rpp I pP rpk _ pP rpk 

± ij\<m> L pm ± ij ^ ~t~ L im ± pj , T L jm ± pi JT 

I rpk _ pfe rpp . : ~""p rrifc _ pP rpk 

' ± mi;<j> 1 pj 1 mi^' mj P'g ij P m ^.rp 

I pfc pfc r pP I pP p/c pP /pfc 

' jm:<i> 1 pi- 1 - jm ' ji pm 1 mi pj „ 



-rk _ pfc _i_ pfc pP _ pfc pP _ pfc pP i pfc pP 

ji,m jm,i pm ji pi jm pm ji ^ ' pi J m g 

pfc _pfc i plPpP - _ pfc - ^ _ pfcTpP - I pfc pP 

im.j ij'i^ PJ vm pm 1 - ij pj 1 - im^ ' pm ^ 

pfc _ pfc i pfc pP _ pfc pP _ pfc pP , pfc pP 

mj,i rni,j pi rnj pj mi pi 171 3 a PJ m '^r: 



(8.2) 



rpk _j_ rpp rpk _j_ rp'P rpk j_ rrifc _j_ rpp rpk _r_ rrifc 

zj;<m> ' mi pj jm pi mi;<j> * ij pm jm;<i> 



jmi 1 zji 

(8.1) follows from (8.2). □ 



R k . + R k . + R k .. 
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If we get a derivative of form [ll]-(4.22) we will see that the second Bianchi 
identity does not depend on the torsion. 

9. Killing Vector 

Invariance of the metric tensor g under the infinitesimal coordinate transforma- 
tion (7.1) leads to the Killing equation. 

Theorem 9.1. Killing equation in the metric- affine manifold has form 
(9-1) $<a>9kb + £,-<b>9ka + T l ka9lb e + T l kb gU k + g a b;<k>^ = 

Proof. Invariance of the metric tensor g means that its Lie derivative equal 
(9.2) C e g ab = 

(9.1) folows from (9.2) and (7.2). □ 

Theorem 9.2. The condition of invariance of the connection in the metric-affine 
manifold has form 



(9-3) C<bc> — P%cp£> P + T bp;<c>£ P + ^6p£f<c> 

Proof. Because connection is invariant under the infinitesimal transformation we 
have 

(9.4) CsTg = 

(9.3) follows from (9.4) and (7.4). □ 

We call equation (9.3) the Killing equation of second type and vector £ a 
Killing vector of second type. 

Theorem 9.3. Killing vector of second type satisfies equation 



(95) v = R a bcp e + R a cpb e + R a pbc e 

\ • J . rpa 0} i rpa 0} i rpp 0i i rpa 0] i rpa 03 

+ I ip;c? "r J pc;6? ~r ± cbS<p> 1 bpS;<c> T 1 pcS ; <6> 

Proof. From (9.3) and (2.C) it follows that 



na rt> _ rpp 0i _ no CP A- T a CP 4- T a C p 

_\ -""p&cS ± bc < *;<p> ~ ^cbp^ ^ J cp;<b><; > 1 cp e >-<b> 

(9.6) 

_ pa CP — T a CP — T a CP 

^bcpS - t bp;<c> < ; ^bpS;<c> 

(9.5) follows from (9.6). □ 

Corollary 9.4. The Killing equation of second type in the Riemann space is the 
identity. The connection in the Riemann space is invariant under any infinitesimal 
transformation (7.1) 

Proof. First of all the torsion is 0. The rest is the consequence of the first Bianchi 
identity. □ 
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10. Cartan Transport 

Theorems 5.2 and 6.1 state that the movement along a line causes an additional 
to the parallel transport transformation of a vector. This transformation is very im- 
portant and we call it the Cartan transport. We introduce the Cartan symbol 



1 

2 

and the Cartan connection 

1 

2 

Using the Cartan connection we can write the Cartan transport as 



r(C)L = 7;g lm (gkl;rn ~ 9km;l ~ 9ml;k) 



Ffci = Tfe; - r(C)jy - Y l kl - -g m (gkl;m ~ gkm;l ~ flW;fc) 



da 1 = - T l kl a k dx l 



Respectively we define the Cartan derivative 

;{/} = T J- kl 



Vi a 1 = a\ n = dia 1 + it, a k 



D a 1 = da 1 + T l kl a k dx l 

Theorem 10.1. The Cartan transport along an extreme line holds length of the 
tangent vector. 

Proof. Let 

i = ^_ 
ds 

be the tangent vector to an extreme curve. From theorem 5.2 it follows that 
Dl > 1 1 ii i \ k i 

= 2 9 ^ 9k i' 1 _ 9ik;j - 9ij;k) V V J 



and 



Dg kl v k v l Dg kl k , Dv k , k Dv l 
-v v + gki—7—v +g k iv 



ds ds ds ds 

= 9kl;pV P V k V l + 

+gkig lk ^ {g r j-,i - gir-j - g%r,r) v r v J v l + 

= gki;pV p v k v l + (g rj .i - gir-j - gij. r ) v r v 3 v l = 
Therefore the length of the vector v % does not change along the extreme curve. □ 

We extend the Cartan transport to any geometrical object like we do for the 
parallel transport. 

Theorem 10.2. 

9ij;{l} = 
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Proof. 

V; gij = digij - T k u g kj - [',, g lk = 

= 9ij;l + -j9 km (9il-m - 9im;l ~ 9ml,i)9kj + -^9 m (jSjl;m ~ 9jm;l ~ 9ml;j)gik = 

□ 

The Cartan connection T kl differs from the connection T l k , by additional term 
which is symmetric tensor. For any connection we introduce standard way de- 
rivative and curvature. Statemants of geometry and physics have the same form 
independently of whether I use the connection T' kl or the Cartan connection. To 
show this we can generalize the idea of the Cartan connection and consider connec- 
tion defined by equation 

(lo.i) ni=ni +4/ 

where A is 0, or the Cartan symbol or any other symmetric tensor. Respectively 
we define the derivative 

Via 1 = a l . Kl> = die? +IV fc 



Da* = da 1 + T^dx 1 



and curvature 



(10-2) R a bij = - am + - r^.rg. 

This connection has the same torsion 

(10-3) T^ b =Tf c -Tf b 

In this context theorem 10.1 means that extreme line is geodesic line for the 
Cartan connection. 

Theorem 10.3. Curvature of connection (10.1) has form 



(10.4) P%de — Rbde + ^be;d ~ ^bd;e + ^cd^be ~ ^ce^bd + ^de^bp 

where R bde is curvature of connection T l kl 
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Proof. 



pa — Fa _ pa i pa pc pa pc 

^bde ~ 1 be,d 1 bd,e ' 1 cd 1 fee 1 ce 1 bd 
T^a i a a j^a 

— 1 be,d T ^be^d — 1 bd,e ~ ^bd.e 

+ (Ted + ^cd)( r oe + ^be) — Tee + ^ce)T&d + ^bd) 
T^a | j^a a a 

— 1 be,d "T A be,d ~ 1 bd,e — A bd,c 

, -pa pc | pa <c , /ia pc , 4a 4c 
' 1 cd 1 be + 1 cd^be + A cd L be + A cd A be 

_ P a P c _ /l a P c _ P a 4 C _ 4 a 4 C 
1 ce 1 bd A ce l bd 1 ee^bd ^ce^bd 

— ^bde + A be.d A bd,e 

1 pa 4c 1 AO, pc 1 M AC 
+ 1 cd^be + A cd l be + ^cd^be 

— A a V c — V a A c — A a A c 

A ce L bd 1 ce A bd A ce A bd 
pa 

— n bde 

4- A a — v a A v -i- r p A a -i-r p A a 

+ A be:d j_pdfhl 2 + 1 bd^V^ + 1 ed A bp 1? 

— A a 4- V a A p — r p A a —T p A a 

A bd;e + i pe /1 bd ? 1 be^pdg l _defhp_ 1 

1 pa 4c 1 pc 4a , Aa ac 
+ 1 cd^be o + 1 be^cd g T A cd A be 

~ V c A a — V a A c — A a A c 
1 bd^ i ce 1 1 ce^bd g A ce A bd 



□ 



Corollary 10.4. Cartan curvature /ias next /orm 

5) = ^bde ~ r (C)be;d + ^iP)bd;e 

+ r(c)^r(C) oe - r(C)« e r(C)g d - i* r(c)g p 

11. Newton's Laws: Scalar Potential 

The knowledge of dynamics of a point particle is important for us because we 
can study how the particle interacts with external fields as well as the properties 
of the particle itself. 

To study the movement of a point particle we can use a potential of a certain 
field. The potential may be scalar or vector. 

In case of scalar potential we assume that a point particle has rest mass m and 
we use lagrangian function in the following form 

L = —mods — Udx° 

where U is scalar potential or potential energy. 

Theorem 11.1. (Thirst Newton law) If U = (therefore we consider free move- 
ment) a body chooses trajectory with extreme length. 

Theorem 11.2. ('Second Newton lawj A trajectory of point particle satisfies 
the differential equation 

(n.i) 4V = ^ 

ds mc 
dx l 

u J = — — 

ds 
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where we introduced force 

(11.2) F l =g il ^ 
y J y dx l 

Proof. Using (5.2), we can write variation of the lagrangian as 

imc (gid-i - g ik -i - gu- k ) u k u 3 ds - mcg^DvP + ^ dx ° = 
The statement of the theorem follows from this. □ 

12. Newton's Laws: Vector Potential 

In section 11 we learned dynamics when potential is scalar. However in electro- 
dynamics we have vector potential A k . In this case action is 

f«2 



—mcds Aidx 1 



e 
c 

d 



A c = g cd A 

Theorem 12.1. The trajectory of a 'particle moving in the vector field satisfies the 
differential equation 

D u 3 e j ■ , 

jg J F u u l 



ds mc 2 " 
dx l 

u J = 

as 

where we introduce a field-strength tensor 

F dc = A d . c - A c , d + S^ C A P = V c A d - V d A c + S p dc A p 
Proof. Using (5.2), we can write the variation of the action as 

8S = 

= ^-mc Q (3 fei;l - g ij;k - g ik:J ) u k v?ds - gijDu 3 ^ 8x % - ^ (SAidx 1 + A^dx 1 )^ 

We can estimate the second term like 

-- (Ai k dx l Sx k + AidSx 1 ) = 
c 

(A hk dx l 8x k + T p lk A p dx l 5x k + AidSx 1 ) = 



c 

6 (Ai k dx lx 
c 

(A k -idx l Sx k + (A t . k - A k -i)dx l 5x k + Sf k A p dx l 6x k + T p kl A p dx l 5x k + AidSx 1 ) 
= - e - (DA k 6x k + A k D6x k + {Ai, k - A k .j) dx l Sx k + Sf k A p dx l 6x k ) = 



d(A k Sx k ) + {Ai, k - A kd + Sf k A p ) dx l Sx k 

The integral of the underlined term is because points, when t = t\ and t = t2, 
are fixed. Therefore 

-mc Q (g k j-,i - //,,:, v - g lk -j) u k u ds - g^Du 3 ^ - ^F H dx l = 

The statement of the theorem follows from this. □ 
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The dependence of field-strength tensor on derivative of metric follows from this 
theorem. It changes form of Einstein equation and momentum of gravitational field 
appears in case of vector field. 

Theorem 12.2. A field- strength tensor does not change when vector potential 
changes like 

A 1 ] = Aj + djA 
where A is an arbitrary function of x. 

Proof. Change in a field-strength tensor is 

(d d A), c - (d c A), d + S p dc d p A = 
d cd A - T p dc d p A - d dc A + T p cd d p A + S p dc d p A = 
This proves the theorem. □ 
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MeTpmco-acpcp HHHoe MHoroo6pa3He 



AjiexcaHflp KjieftH 

Ahhotai|H3. Mh 6yfleM Ha3biBaTb MHoroo6pa3He c KpyieHneM h HeiieTpHi- 

HOCTbfO MGTpHKO-aCpCpHHHbIM MHOrOOf5pa3HGM. HeMeTpHHHOCTb npHBOflHT K 
pa3J!H1HK3 MejKfly aBTOnapajlJiejIbHMMH H SKCTpeMajIbHblMH KpHBblMH H K H3- 

mghghhk) b Bbipa>KGHHH nepeHOca OpeHe h noflBHjKHoro 6a3Hca. KpyneHne 

npHBOflHT K H3MeHeHHfO B ypaBHeHHH KHJIHHra. HaM HyjKHO TaKJKe fl06aBHTb 

aHajiorHHHoe ypaBHeHne ^jih cbh3hocth. 

AHajiH3 nepeHOca OpeHe Be,neT k KOHnemjHH nepeHOca KapTaHa h BBefle- 

HHIO CBH3HOCTH, COBM6CTHMOH C M6TpiIH6CKHM TeH30pOM. ,Z±HHaMHKa HaCTHUbl 

npHBOflHT k nepeHOcy KapTaHa. Heo6xoflHMbi flonojiHHTejibHbie <pH3HiecKHe 
ycjiOBHH, HToSbi c^ejiaTb HeMeTpHHHOCTb Ha6jiKmaeMoft. 



1. TEH30P KPYHEHHfl B OBIU,EM TEOPHH OTHOCHTEJTbHOCTH 

TeCHafl CBH3b MejK,Hy MeTpHHeCKHM TeH30pOM H CBH3H0CTbK> HBJIfleTCfl OCHOBOH 
pHMcLHOBOH reOM6TpHH. B TO JKe BpeMH, CBH3H0CTb H MeTpHKcL, KaK JII060H reO- 
MGTpHHGCKHH o6 r beKT, HBJIHIOTCH o6l)eKTOM H3MGpGHHH . Korfla THJIb6epT BblBOflHJI 

ypaBHeHne BiraiHTeiiHa, oh onpeflejiHji jiarpamKnaH, b kotopom MeTpii^ecKiiii TeH- 

30p H CBH3HOCTb H63aBHCHMbI. Il03)Ke THJIb6epT o6Hapy>KHJI, HTO CBH3HOCTb CHM- 
MeTpHHHa, H Hainejl 3aBHCHMOCTb MeyKflJ CBfl3H0CTbK> H MeTpH^eCKHM TeH3opoM. 

0,a,Ha H3 npn^HH SToro - npocTOTa jiarpaHacnaHa. 

AHajIH3 KBaHTOBOH T60pHH nOJIH nOKaSblBaeTjHTO JIh60 CHMMeTpHH CBH3HOCTH, 
JIH60 3aBHCHMOCTb CBA3HOCTH H MGTpHKH MOryT 6bITb HapyineHbl, nOCKOJIbKy HGH3- 

6e»cHbi oihh6kh h3mgpghhh . 9to flonymeHHe npHBO^HT k MeTpHKO-acp cjp HHHOMy 
MHoroo6pa3HK>, KOTopoe HBjiseTCH npocTpaHCTBOM c KpyHemieM h HeHyneBOH ko- 
BapHaHTHOH npoH3BO,n,HOH MeTpn^ecKoro TeH3opa (pa3^eji 2) . He3aBHCHMOCTb MeT- 
pn^ecKoro TeH3opa h cbh3hocth no3BOJiaeT HaM BH^eTb, Kaxne o6 r beKTM OTBeT- 
CTBGHHbi 3a pa3JiHHHbie HBjieHHA b rGOMGTpHH h, cjieflOBaTejibHO, b cpH3HKe. T^ajKe 
HecMOTpa Ha to, hto mm He ,a;0Ka3ajiH SMnnpHHecKH cymecTBOBaHne KpyHeHHH h 
HeMeTpn^HOCTH, mm BHflHM 3flecb OHeHb HHTepecHyio reoMeTpnio. 

MeTpHKO-a(p(pHHHoe MHoroo6pa3ne noHBJiaeTCH b pa3Hbix (pH3HHecKHx npnjio- 
»ceHHHx. O^eHb BajKHO noHHTb KaKOBa reoMeTpna SToro npocTpaHCTBa, xax xpy^e- 
hh6 mojk6t BJiHflTb Ha (pHSH^ecKHe npoiieccbi. Hm6hho nosTOMy He6ojibHiaa rpynna 
(pH3HKOB npo,n;ojiJKaeT nsy^aTb Teopnio rpaBHTaiiHH c Kpy^eHneM [1, 2, 3, 4, 5]. 

Key words and phrases. Differential geometry, general relativity, MeTpnKO- acpcpHHHoe mho- 
roo6pa3He, nepeHOC OpeHe, extreme line, Killing equation, Lie derivative. 
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AjieKcaH^p KjieHH 
MeTpHKO-a4>4>HHHoe MHoroo6pa3ne 



B HacTHOCTH, mm hmggm ,ii;Ba pasjiH^Hbix onpeflejieHHH reoflesH^ecKofi b pnMa- 
hobom MHoroo6pa3He. Mbi mojk6m paccMaTpHBaTb reoflesH^ecKyro jih6o xax Kpn- 
Byio 3KCTpeMajibHofi ^jiHHbi (cooTBeTCTByromyio KpHByro mm Ha3MBaeM SKCTpe- 
MajibHoii), jih6o KaK KpHByio, B^ojib KOTopoii KacaTejibHbifi B6KTop nepeHOCHTca 
napajinejibHO, ocTaBaacb KacaTejibHMM k kphboh (cooTBeTCTByioiiryio KpHByio mm 
Ha3MBaeM aBTonapajuiejibHoii) . HeMeTpn^HOCTb npHBO/niT k TOMy, hto napajuiejib- 
hmh nepeHOC He coxpaHaeT jiJivmy BeKTopa h yroji Me»my BeKTopaMH. 9to npn- 
BOflHT k pasjiH^HKi MejKfly onpeflejieHHHMH aBTonapajuiejibHoii n SKCTpeMajibHoii 
kphbmx ([6] n pa3^eji 5) h k H3MeHeHHKi b Bbipa»ceHHH nepeHOca <l>peHe. H3MeHeHHe 
reoMeTpHH BjinaeT Ha BTopofi 3aKOH HbioTOHa, kotopmh mm roy^aeM b pa3,n;ejie 11. 
51 noKa3MBaio b TeopeMax 10.1 h 11.1, hto cbo6o,iiho naflaiomafl nacTnija npe,a;no- 
^HTaeT 3KCTpeMajibHyio KpHByio, nepeHOca cboh HMnyjibc B^ojib TpaeKTopHH 6e3 

H3MeHeHHH. 

C&opMa BToporo 3aKOHa HbioTOHa 3aBHCHT ot Bbi6opa (popMM noTeHiniajia. B 
cjiynae CKajiapHoro noTeHirnajia BTopoii 3aKOH HbioTOHa coxpaHaeT cooTHomeHHe 
MeyKjiy chjioh, Maccoii h ycxopeHHeM. B cjiynae BeKTopHoro noTeHirnajia aHajiH3 
flBHJKeHHH b rpaBHTannoHHOM nojie noKa3MBaeT, hto TeH3op HanpajKeHHOCTH nojia 
3aBHCHT ot npoH3BOflHoii MeTpn^ecKoro TeH3opa. 

HeMeTpn^HOCTb SHa^HTejibHO H3MeHaeT 3aKOH ^,BH»ceHHfl b npocTpaHCTBe Bpe- 
MeHH opToroHajibHoro 6a3nca. O^HaKKO H3yneHHe napajuiejibHoro nepeHOca b npo- 
CTpaHCTBe c HeMeTpHHHOCTbio no3BOJiaeT HaM bbgcth nepeHoc KapTaHa h BBe^emie 
cbh3hocth, coBMecTHMofi c MeTpH^ecKHM TeH3opoM (pa3,iieji 10). IlepeHoc KapTa- 
Ha coxpaHaeT 6a3HC opTOHopMajibHMM h sto ^ejiaeT ero BajKHMM HHCTpyMeHTOM b 
flHHaMHKe (pa3^eji 11), Tax KaK Ha6jiKmaTejib Hcnojib3yeT opTOHopMajibHbifi 6a3HC 
KaK HHCTpyMeHT H3MepeHHH. flaHaMHKa nacTnnbi ocHOBaHa Ha nepeHOce KapTa- 
Ha. Tor,n;a noaBjiaeTca Bonpoc. Mm MO»ceM H3MeHHTb CBA3HOCTb KaK mm noKa3a- 
jih b pa3flejie 10. IToneMy mm .hojdkhm H3ynaTb MHoroo6pa3Hfl c npon3BOJTbHOH 
CBfl3HOCTbio h MeTpn^ecKHM TeH3opoM? Ifey^eHne MeTpHKO-acpcpHHHoro MHoroo6- 
pa3Hfl noKa3MBaeT, noneMy Bee pa6oTaeT xopomp b pnMaHOBOM MHoroo6pa3HH h 
hto MeHaeTCfl b o6meM cnyiae. K KaKoro po^a pa3JinHHbie (pH3HnecKne HBJieHHH 

HBJIHIOTCH CJie^CTBHeM paSJIH^HMX CBfl3HOCTeH? ^HSH^eCKHe orpaHHneHHH, KOTO- 

pbie noHBjiaiOTCH b MO,a;ejiH, Moryr Becra k noaBjieHHio HeMeTpnnHOCTH [4, 7, 8]. 
TaK KaK nepeHoc KapTaHa - ecTecTBeHHMfi MexaHH3M coxpaHeHna opToroHajibHO- 
cth, mm ojKH^aeM, ^to mm 6ya;eM HHTepnpeTnpoBaTb OTKJiOHeHne npo6Hoii nacTH- 
Hf>i ot SKCTpeMajibHoii kphboh KaK pe3yjibTaT chjim, BHeniHeii no OTHomeHHio k 
3toh nacTHne 1 . B stom cjiynae pasjin^ne MejK,zj;y ,n,ByMs ranaMH nepeHOca CTaHO- 
BHTCfl H3MepHMMM h ocMbicjieHHMM. B npoTHBHOM cnyHae flpyroii ran nepeHOca 
h HeMeTpnnHOCTb He Ha6jno,n;aeMM h mm mojkcm nojib30BaTbcs TOJibKO nepeHOCOM, 

COBMeCTHMMM C MeTpHKOH. 

1 HanpHMep, ecjin mh pacnpocTpamiM onpeij;ejieHHe (11.2) chjim Ha o6ih;hh cjiyiafi (11.1), 

MBI MOJK6M HHTepnpeTHpOBaTB OTKJIOHGHHG 3ap5IJKeHHOH HaCTHH;BI B 9JIGKTpOMarHHTHOM nOJie KaK 

pe3yjiBTaT chjibi 

cu v 

AHajiorHHHO, mbi mojkbm HHTepnpeTHpOBaTB OTKjiOHeHHe aBTonapajuiejiBHoit kphboh KaK cnjiy 

F = o r (C)ki u u 

H HanoMHHaio , ito chmboji KapTaHa - TeH3op 
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51 BHJKy eme opfiy B03M0»cH0CTb. KaK cjie,a;yeT H3 CTaTbH [7], KpyneHne mojket 
3aBHceTb ot KBaHTOBbix cbohctb MaTGpiiH. TeM He MeHee, KpyHeHne HBjiaeTCH na- 

CTbK) CBH3HOCTH. CjieflOBaTejIbHO, CBH3HOCTb MOJK6T TaKJKe 3aBHCeTb OT KBaHTOBblX 

cbohctb MaTepHH. 3to MOJKeT npHBecTH k HapynieHHK) nepeHOca KapTaHa. OflHaxo 
9Ta B03M0>KH0CTb Tpe6yeT ,a;onojiHHTejibHoro HCJieflOBaHHH. 

KpyneHHe h HeMeTpHHHOCTb HMeiOT HHTerpajibHbie 3(p(peKTM. Ohh MoryT 6biTb 

MajIblMH, HO H3MepHMbIMH. Mbl MOJKeM Ha6jHO,H;aTb 3TH 9(p(peKTbI He TOJIbKO B CHJIb- 

Hbix nojiflx, no^,o6Hbix nepHoii flbipe hjih 6ojibniOMy B3pbiBy, ho TaK»ce b o6mhhmx 
ycjiOBHflx. IfeyHeHHe reoMeTpnH h jiHHaMHKH ToneHHoii nacTHHM ^aeT HaM bo3- 

MOJKHOCTb npOBepHTb 3Ty TOHKy 3peHHH. EcTb CMblCJI npOBepHTb 3Ty TeOpHK) B 

ycjiOBHHx, Kor,i;a cnHH KBaHTOBoro nojia HaKonjieH. Mm MoaceM npOBepHTb otkjio- 
HeHHe ot BToporo 3aKOHa HbioTOHa jih6o H3MepHTb KpyneHne, Ha6jno,n;aH ^BHJKeHHe 

flByX pa3JIHHHbIX biaCTHIJ. 

Hto6m npOBepHTb, HMeeT jih npocTpaHCTBO BpeMH KpyHemie, mm MoaceM npo- 
BepHTb B03MO»cHOCTb nocTpoHTb napajuiejiorpaMM b npocTpaHCTBe BpeMeHH. Mm 

MOJKEM B3HTb flBe HaCTHHM HJIH ffB& (pOTOHa, KOTOpbie HaHHHaiOT CBOfe' flBHJKeHHe 

H3 o/htoh h Toii »ce tohkh h, nojib3yacb 3epKajiOM, 3acTaBHTb hx flBHraTbca B,n;ojib 
npoTHBonojioJKHbix ctopoh napajiJiejiorpaMMa. Mm mojkcm HanaTb stot SKcnepn- 
MeHT, Kor^a KBaHTOBoro nojra HeT, h 3aTeM noBTopnTb sxcnepHMeHT b npHcyTCTBHH 

KBaHTOBOrO nOJIfl. ECJIH HaCTHHM BCTpeTHTCfl B OflHOM H TOM >Ke MecTe HJIH MM HMe- 

eM oflHHaKOByio HHTepcpepeHiniio, to mm HMeeM KpyneHne paBHoe b stoh cpe^e. 
B lacTHOCTH, KpyHeHne MOJKeT jjeiicTBOBaTb Ha noBe,a;eHHe BHpTyajibHbix HacTHH,. 

HtoGm npOBepHTb, HMeeT JIH npOCTpaHCTBO BpeMH HeMeTpHHHOCTb, MM MOJKeM 

H3MepHTb OTKJiOHeHne SKCTpeMajibHOH KpHBOH ot aBTonapajuiejibHoii jih6o otkjio- 
HeHne eflHHHHHoro BeKTopa ckopocth ot ero napajuiejibHoro nepeHOca. 

2. METPHKO-AOOHHHOE MHOrOOBPA3HE 

B cjiynae cbh3hocth [ll]-(4.2) mm onpe,n;ejiHM cpopMy KpyieHHe 

(2.1) T a = d 2 x a + uot A dx b 
H3 [ll]-(4.2) cjie^yeT 

(2.2) w£ A dx b = (r^ c - T a cb )dx c A dx b 
Ilo,i];cTaBjiflH (2.2) h [11]-(4.14) b (2.1) mm nojiynnM 

(2.3) T a = T? b dx c A dx b = ~c a cb dx c A dx b + (T^ - T a cb )dx c A dx b 
rp,e mm onpe^,ejiHJiH TeH3op Kpyneioie 

(2-4) T° 6 = Tg c - T a cb - c a cb 

KoMMyTaTop btopmx npoH3BO,n;HMx HMeeT bh,u; 

(2.5) u% - u% = R% k u? - Tf k u% 
H3 (2.5) cjie^yeT, hto 

(2.6) £a - H« bc = R a dbc e - TgJ* 

B pHMaHOBOM npocTpaHCTBe mm have metric tensor gry h CBH3HOCTb r^-. Ojxho 

H3 CBOHCTB pHMaHOBa npOCTpaHCTBa - 3TO CHMMeTpHH CBH3HOCTH H paBeHCTBO HV- 

jho KOBapnaHTHoii npoH3BO^HOH MeTpHKH. 3to nopojK^aeT TecHyio CBH3b MejK/iy 
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MGTpuKOH h CBH3HOCTbio. However CBH3HOCTb is not necessarily symmetric h ko- 
BapiiaHTHafl npoH3BO,a;HaH MeTpnHecKoro TeH3opa mo)kgt 6biTb OTjiH^Ha ot 0. B 
nocjie^HeM cnyiae mm bbo^hm HeMeTpHHHOCTb 

(2-7) Q«=4 = 4 + r^ + r^ 

Tax Kax npoH3BO^Haa MeTpniecKoro TeH3opa He paBHa 0, mm He MCOKeM no^- 
HHMaTb hjih onycxaTb HH^eKC TeH3opa BHyTpn npoii3BO,n,HOH KaK mm 3to flejiaeM b 
o6m x ihom puMaHOBOM npocTpaHCTBe. Tenepb 3Ta onepainia npHHHMaeT cjieflyioiirHH 

BHfl 

a ;fc = <r'"j:r I fl'i'lj 

9to paBeHCTBO rjir MeTpnHecKoro TeH3opa npHHHMaeT cjie^yioiirHH bhji, 

ab ai „bi „ 

9-k = ~9 9 9ij;k 

Onpe^ejieHHe 2.1. Mm 6yn,eM Ha3MBaTb MHoroo6pa3He c KpyHemieM n HeMeT- 

pHIHOCTbK) MeTpHKO-a(p(pHHHbIM MHOrOo6pa3HeM [1]. □ 

Ecjih mm H3yHaeM no,ziMHoroo6pa3He V n MHoroo6pa3Hfl V n + m , mm bh/thm, hto 

HMepCHH nOpOJK^aeT CBH3HOCTb rjg 7 , KOTOpaH CBH3aHa CO CBH3HOCTbK> b MHoroo6- 
pa3HH COOTHOUieHHeM 

de l , 



r a p l — v l p m p k 



Cjie^,OBaTejibHO, He cymecTByeT HenpepMBHoro BJio»ceHHfl npocTpaHCTBa c Kpyie- 

HHeM B pHMaHOBO npOCTpaHCTBO. 

3. TEOMETPPIHECKMH CMblCJl KPyHEHHH 

npe^nojiojKHM, hto a nb - HeKOJiHHeapHbie BeKTopM b TOHKe A (cm. cpnr. 3.1). 



Mm npoBe,a;eM reo^esHHecKyio L a ^e- 
pe3 TOHKy A, Hcnojib3ya BeKTop a 

KaK KaCaTejIbHMH bcktop k L a B TOH- 

Ke A. IlycTb r - KaHOHHiecKHii napa- 
MeTp Ha L a h 

dx k ,. 

Mm nepeHeceM BeKTop b B^ojib reo- 
^esHHecKoii L a H3 toikh A b TOHKy 
B, onpe,u;ejieHHyio 3HaHefflieM napa- 
MeTpa t = p > 0. Mm oQo"3n& T mM 
pe3yjibTaT b' . 

Mm npoBe,a;eM reoflesniecKyio Ly 
Hepe3 TO^Ky B, Hcnojib3ya BeKTop 
b' KaK KacaTejibHbiii BeKTop k Ly b 
TO^Ke B. IlycTb tp' - KaHOHHiecKHii 
napaMeTp Ha h 

dxk ulk 

Mm onpe^ejiHM TOHKy C Ha reo^e- 
SH^ecKoii Lt,> SHa^eHneM napaMeTpa 

<fi' = P 



Mm npoBe^eM reoj^esHiecKyio Lb ne- 
pe3 TO^Ky A, Hcnojib3ya BeKTop b 
KaK KacaTejibHbiii BeKTop k Lb b toh- 
Ke A. IlycTb ip - KaHOHH^ecKHii napa- 
MeTp Ha Lb h 

dxk _ b k 
dcp 

Mm nepeHeceM BeKTop a B,a;ojib reo- 
flesH^ecKoii Lb H3 toikh A b TOiKy 
D, onpe,a;ejieHHyio 3HaHeHHeM napa- 
MeTpa ip = p > 0. Mm o6o3HaHHM 
pe3yjibTaT a' . 

Mm npoBe,n;eM reo^esHHecKyio L a > 
nepe3 TOiKy D, Hcnojib3ya BeKTop 
a' KaK KacaTejibHbiii BeKTop k L a > b 

TOHKe D. IlyCTb t' - KaHOHHHeCKHH 

napaMeTp Ha L a i w 

dx k 



dr' 



a 



ik 



Mm onpeji,ejiHM TO^iKy E Ha reo^e- 
3HHecKoii L a i SHa^ieHHeM napaMeTpa 
r' = p 
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Phc. 3.1. Meaning of Torsion 

OopMajibHO jihhhh AB h DE Tax ace, KaK jihhhh AD h BC, napajuiejibHbi. 
/JjiHHbi OTpe3KOB AB h DE paBHbi Tax »ce, xax ajihhm OTpe3KOB AD h i?C paBHM. 
Mm Ha3MBaeM Taxyro (pnrypy napajuiejiorpaMMOM, nocTpoeHHMM Ha BeKTopax 

a H b C BepiHHHOH B TOTKe A. 

Teopeivia 3.1. IIpednojiooKUM CBADE - napajuiejiozpaM c eepmunou e mouKe 
A; mozda nocmpoeHHaM diuzypa ue 6ydem 3a,MKHyma [6]. BejiuHuua pa,3JiuHUM ko- 
opduHam monen C u E paena noeepxHocmnoMy unmezpaAy npynenuji Had amuM 
napa,A/iejiozpa,MMOM 2 

A CE x k = 11 T k nn dx m A dx n 



/foKaaameAbcmeo. Mm MoaceM HaiiTH npHpameHHe KOop^HHaTM x B,o;o.nb reo^e- 
3HHecKoii b BH,a;e 

^-£r + i£i» + <*>)- 
dx k 1 , dx m dx n 9 

= — t — r fc t 2 + Ot 2 ) 

dr 2 mn dr dr + 1 ' 
rpp t - KaHOHH^ecKHH napaMeTp h mm BMHHCJiaeM npoH3BO,a;HMe h komdohghtbi 
T^ nn b HanajibHoii TOHKe. B nacTHOCTH 

A AB x k = a k p - l -T k mn {A)a m a n p 2 + 0(p 2 ) 
B,n;ojib reoflesH^ecKoii L a h 

(3.1) A BC x k = b' k p lr k nn (B)b' m b' n p 2 + 0(p 2 ) 
BflOJib reofleaH^ecKOH Ly ■ 3,n,ecb 

(3.2) b' k = b k - T k nn (A)b m dx n + 0{dx) 
pe3yjibTaT napajuiejibHoro nepeHOca b k H3 A b B h 

(3.3) dx k = A A BX k = a k p 



^^],OKa3aTejiBCTBO SToro yTBep^K^eHiia h Hanieji b [9] 
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c TOHHOCTbio ,a;o Majioii nepBoro nopa^Ka. IloflCTaBjiHH (3.3) b (3.2) h (3.2) b (3.1), 
Mbi nojiy^HM 

A BC x k = b k p - T k mn (A)b m a n p 2 - ±T k mn (B)b m b n p 2 + 0(p 2 ) 

06mee npiipameHHe KOopflHHaTbi x K B,a;ojib nyTH ABC hmggt bh^ 

A ABC x k = A AB x k + A BC x k = 

(3.4) = (a k + b k )p-T k mn (A)b m a n p 2 ~ 
-\T k mn (B)b m b n p 2 l -T k mn (A)a m a n p 2 + 0(p 2 ) 

AHajiorii^HO o6mee npnpamGHHG KOop^HHaTbi x K B^ojib nyTH ADE hmggt bh,u; 
A ADE x k = A AD x k + A DE x k = 

(3.5) =(a k + b k )p-T k mn (A)a m b n p 2 - 

- l -T k mn {D)a m a n p 2 - l -T k mn {A)b m b n p 2 + 0(p 2 ) 
H3 (3.4) h (3.5) cne^yeT, hto 

A ADE x k - A ABC x k = 

= T k mn {A)b m a n p 2 + l -T k nn {B)b m b n p 2 + \T k mn {A)a m a n p 2 - 
A 1 A 2 

-T k m {A)a m b n p 2 \T k mn {D)a m a n p 2 - l T k m {A)b m b n p 2 + 0(p 2 ) 

A 2 A i 

Jlflu ^ocTaTO^HO Majioro SHa^GHHH p no^HGpKHyTbiG cjiaraGMMG B3aHMHO yHH^TO- 
jKaiOTCH h mm nojiy^aGM HHTGrpajibHyio cyMMy pjm BbipajKGHHH 

A ADE x k - A ABC x k = JJjXlm - T k m n)dx m A dx n 

OflHaKO He^OCTaTO^HO HaHTH pa3HOCTb 

A A DEX k - A AB cx k 

x IT06bI HaHTH pa3HOCTb KOOpflHHaT TOHGK C H E. KoOp^HHaTbl MOryT 6bITb HGro- 
JIOHOMHblMH H Mbi flOJIJKHbl yHGCTb, HTO KOOp^HHaTbl BflOJIb 3aMKHyTOrO nyTH H3- 
MGHHIOTCfl [11]- (4. 15) 

Ax k = <f dx k = - [[ c k mn dx m A dx n 

J EC BADE J JT, 

iyie c - c^-beRT HerojiOHOMHOCTH. 

OKOH^aTejIbHO pa3HOCTb KOOp^HHaT TO^eK C H E HMeeT BHfl 

A CE x k = A ADE x k - A ABC x k + Ax k = jjjXta - rL - c k nn )dx m A dx n 
Hcnojib3yfl (2.4), mm ,i;0Ka3ajiH y tbgp^k^ghhg . □ 
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4. COOTHOUIEHHE ME>Kfly CBH3HOCTbK) H METPHKOH 
CeircaC MM XOTHM HaHTH, KaK MM MffiKeM BMpa3HTb CBH3HOCTb, eCJIH H3BeCTHM 

MeTpnKa h Kpy^eHne. CorjiacHO onpe^ejieHHro 

— ^ikij ~ 9ij;k — 9ij,k ~ 1 i k 9pj — 1 j k 9pi 
— Qkij = 9ij,k — ^ikSpj ~ ^kj9pi ~ Sjk9pi 

IlepeHeceM npoH3BOflHyio g h KpyneHHe b jieByio nacTb. 

(4.1) gij,k + Qktj - S p k g pi = T p k g pj + T p kj g pi 
MeHAH nopa^OK HH^eKCOB, mm 3anHineM eme ,n,Ba ypaBHemia 

(4.2) g jk>i + Q ijk - S p kl g p] = r^g pk + T p ik g pj 

(4.3) g k i,j + Qjki - Sf^pk = T p kj g pi + l '/, 

EcjIH MM BMHTeM paB6HCTBO (4.1) H3 CyMMM paB6HCTB (4.2) H (4.1), TO MM nOJiyHHM 

gkij + 9jk,i ~ 9ij,k + Qijk + Qjki ~ Qkij ~ S P jg p k — S ki g P j + S p k g P i = 2T P i g p k 
OxoHHaTejibHO mm nanynaeM 

r ji = 29 pk (9ki,j + gjk,i - gij.k + Qijk + Qjki - Qkij - SySVfc - S ki g r j + S r jk g n ) 



5. KPHBAH SKCTPEMAJlbHOH flJIHHbl 

CymecTByeT ppa pa3Hbix onpeflejieHHH reo,n;e3HHecKOH b pHMaHOBOM MHoroo6- 
pa3HH. 0,u;ho H3 hhx onHpaeTca Ha napajuiejibHMH nepeHoc. Mm 6yn;eM Ha3MBaTb 
cooTBeTCTByromyro KpHByro aBTonapajuiejiBHoft. ^pyroe onpe^ejieHne oniipa- 
CTca Ha fljiHHy TpaeKTopnH. Mm 6yn,eM Ha3MBaTb cooTBeTCTByromyio KpHByio 

3KCTpeMajIBHOH. B M6TpHKO-a(p(pHHHOM MHOrOo6pa3He 3TH JIHHHH HMeiOT pa3- 

jiH^Hbie ypaBHeHHH [6]. YpaBHemie aBTonapajuiejibHoii kphboh He MeHae. O^HaKO, 
ypaBHeHHe SKCTpeMajibHOH kphboh MeHHeTca 3 . 

TeopeMa 5.1. Ilycmb x 1 = x t (t,a) - KpueciM, 3aeucM,uiflM, om napaMempa a, c 
djUKCupoeanuuMU moHKdMU npu t = t\ u t = ti, u mu onpedejixeM ee d/huny kcik 



t2 1 dx 1 dxi 
\l 9ij 

ti 



(51) s = J tl V^^T dt 

Tozda 

f* 2 ( 1 dx k dx 3 dx 3 \ 

(5.2) Ss = J y- (g k j-,i - gik-,j ~ 9ij;k) rfg rfg ds - 9ij D ~^j Sx 

zde Sx k - u3MeneHue Sauhu, Kozda a Mensiemcsi. 



3 HTo6bi BbmecTH ypaBHeHHe (5.3), a cne^yio H^eaM, KOToptie PameBCKHii [10] Hcnojib30Baji 
,a;jTa PnMaHOBa MHoroo6pa3na 
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Jl,OKa3amejibcmeo. IiMeeM 



ds / dx 1 dx 3 



dt V 5u dt dt 



dx 3 



Ss= / — ^ -, '-dt 

Mm MoaceM oi^GHHTb 3HaMeHaTejib stoh ,a;po6ii 

dx 1 dx 3 dx 1 dx 3 

Qii kOX — : h ZQijO— — = 

■' ' h dt dt b 3 dt dt 

c- h 7 i ,,dx 3 „ _j r h dx l dx 3 „ ,5x l dx 3 
= 9i ,, k Sx dx dt— + 2 W r tt fa — — + 2 5 ^— — 

, dx 1 dx- 7 „ D5x l dx 3 



9ir,kSx k ^-^- + 2g i:! 



H Mb! HMeeM 



Ss 



dt dt J dt dt 

* 2 u.^-dy^- . ■2, J ,,l)6.r'^ r 

o ds 



r* 2 /l . :dx h , dx 3 / . -daA dx k , dx 3 \ i dx 3 \ A 

J tl U" A,: ' ~d7 ds ^ + d [ 9ijSx ~ds~ ) " — ' lr ~ J 

dx 3 \ * 2 /"* 2 / 1 dx k dx 3 dx 3 \ 

J ti + J ti U " ~ /M:/i ~~' y> ' - // " /; — ) 5x1 

IlepBoe cjiaraeMoe paBHO 0, TaK KaK to^kh, r,n,e t = t\ wt = t2, 3a(pnKCnpoBaHM. 
Cjie,a;oBaTejibHO, mm ,2;oKa3ajiH yTBepjK^eHiie tgopgmm. □ 

Teopeiia 5.2. dncmpeMaAbHaji npueaji ydoejiemeopnem ypaenenuw 

D ^ 1 a, .dx k dx 3 
(5.3) «W — 

/^OKasameAbcmeo. Hto6m HafiTH jihhhio SKCTpeMajibHofi ^jihhm, mm BOcnojib3y- 
eMCH (pyHKii,HOHajiOM (5.1). Tax xax Ss = 0, to 

1 dx k dx 3 dx 3 

2 i9kj * ~ ~ 9ik '- j) ——' ls ~ '■'-' ) — = ° 

cjie/iyeT H3 (5.2). □ 

TeopeMa 5.3. IJapaAAeAbHuu nepenoc edoAb 9KcmpeMaAbHou npueou coxpansiem 
dAuuy KacameAbHozo eenmopa. 

JJoKa3ameAbcmeo. IlycTb 

i _ da?_ 
ds 

- KacaTejibHbifi BeKTop k SKCTpeMajibHoii KpiiBOH. H3 TeopeMM 5.2 cjiepyeT, hto 
Dl > 1 ii l i \ k i 

-^T = S j (.'/A./:- - 9ik;j - 9ij;k) V V 3 

H 

Dg k[ v k v l Dg k i k t , Dv k , k Dv l 

j = ~^— v v +9kl—j— V l +9klV = 

ds ds ds ds 
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= 9kl;pV P V k V l + 

+9kl9 lk 2 (9rj;i ~ 9ir;j ~ 9ij;r) V r V 1 V l + gklV k g d - (g r j;i ~ 9ir;j ~ 9ij;r) V r V 3 = 
= 9ki; P v p v k v l + (g rj .j - gi r .j - g lj;r ) v r v 3 v l = 
Cjie,a;oBaTejibHO ,a;jiHHa BeKTopa v l He MeHHeTCH B^ojib SKCTpeMajibHoii kphboh. □ 

6. ITepehoc <Dpehe 

Bee ypaBHeHHH, KOTopbie mm bmbo^hjih #o chx nop, pa3JiHHHbi, o^HaKO ohh 
HMeiOT HeHTO o6mee b CBoeii CTpyKType. Bee sth ypaBHeHHH BbipajfcaiOT ppviyKeime 

Bflpjlb KpHBOH H B HX npaBOH MaCTH Mbl MOJKeM BHfleTb KpHBH3Hy 3TOH KpHBOH. 

Ilo onpeflejiemiio, KpHBH3Ha kphboh paBHa 



D dx 
ds 



ds 

Cjie^OBaTejibHO, mm MoaceM onpe^ejiHTb e^HHHHHbiii BeKTop e\ TaKoii, hto 

d¥- j 

d S 

3HaHHe nepeHoea 6a3nca B^ojib kphboh o^eHb BajKHO, Tax KaK sto no3BOJiaeT 
HaM H3yHaTb Kax H3MeHHeTCH npocTpaHCTBO BpeMH, Kor^a Ha6jiK)^;aTejib coBepniaeT 
flBHJKeHne. Hania 3a^aHa - HafiTH ypaBHeHHH, no,n,o6HMe nepeHoey <I>peHe b pHMa- 
hobom npocTpaHCTBe. Mm ctpohm conyTCTByioinHH 6a3HC vl TaKHM »ce o6pa30M, 
Kax mm 9to ,a;ejiaeM b pHMaHOBOM npocTpaHCTBe. 

BeKTopM 

5 U dt ' dt ' "' dt^ 1 
BOo6me roBopn, jiHHeiiHO He3aBHCHMM. Mm Ha3MBaeM njiocKOCTb, nocTpoeHHyro Ha 
6a3e nepBbix p BeKTopoB, p-oii conpHKacaromeHCH njiocKOCTbio R p . Qt& njiocKOCTb 
He 3aBHCHT ot Bbi6opa napaMeTpa t. 

Hania cjieflyiomaH 3a,n;aHa - nocTpoHTb opToroHajibHbiii 6a3HC, kotopmh noKa- 
MceT HaM, Kax KpHBas H3MeHaeTCH. Mm 6epeM BeKTop v\ S R\ Tax, hto oh Ka- 
caTejieH k kphboh. Mm 6epeM BeKTop v p £ R p , p > 1 Tax, hto u p opToroHajieH 
Rp-i- Ecjih HCxo^Haa KpHBaa He H30TponHa, to Kaac^HH v p TaKate He H30TponeH h 

MM MOJKeM B3HTb eflHHHHHMH BeKTOp B TOM }Ke HanpaBJieHHH. Mbl Ha3MBaeM 3TOT 

6a3HC conyTCTByromHM. 

TeopeMa 6.1. IlepeHoc <I>peHe e MempuKO-acp'cp'uHHOM MHOzoo6pa3uu UMeem 
eud 

Dvi, 1 ■ 

P tin ( \ k I 

j\ = 7;9 {9kl:m - gkmd ~ gml;k) v l v p- 

-tpt P -i£p-iVp~i + ip^i+i 

e k = sign(g pq v p k v q k ) 
3decb - eenmop 6a3uca, deuotcyinezocM edojib npueou, 

e k = sign(g pq v p v q k ) 
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AjiexcaHflp KjieHH 
MeTpHKO-acfrcjjHHHoe MHoroo6pa3iie 



JJoKa,3amejibcmeo. Mm onpe^ejiaeM BeKTopbi v% Tclkhm o6pa30M, hto 

(6.2) = \g lrn {9ki- m - 9km;l - 9ml-,k)^ l p + ay q 

vj\e a* = 0, Kor,n,a q > p + 1. Tenepb mm MoaceM onpe^ejiHTb KOScpcpnuHeHTM a q . 

ECJIH MM B03bM6M npOH3BOflHyK> ypaBHemiH 

giji/pV^ = const 
h no^,CTaBHM (6.2), mm nanyHiiM ypaBHeHiie 

d S ~ ds V « V * +9 V ds V b+9^a ds - 
+9ij(^9 im (9kl;m " 9km;l ~ SW;fc>M + C«I/*)l^ + 

+gijv l a(lg : ' m (gki im - sw - g m i:k)v k v l b + a q y q ) = 



9iy,kv\v\v{- 



+gi]\g im {gki- ;m - gk m -i - g m i;k)v\v l y h + g l3 a q y q v 3 b + 
+gijv l a\g : ' m (gku m - gkm-i - g m i-k)v k v\ + g io v l a a q y q = 

= ^ v \ v% a v b^'9i3\k + gki;j - 9kj;i - 9ji;k + 9kj;i — 9ki;j ~ 9ij;k) + 

+e b a b a + +e a af = 

a q = 0, Kor,n;a q > p+1 no onpeflejiemiio. CneflOBaTejibHO a q = 0, Kor,a;a q < p+1. 
Ilojiaraa £ p = a£ +1 , mm ncmyHiiM 

p > 

a p+l — ~ £p£p+l?p 

Kor,n;a q = p, mm nojiy^HM 

Mm nanyHHM (6.1), xor^a no^CTaBHM a* b (6.2). □ 

7. IIPOH3BOflHAH JlH 

BeKTopHoe nojie £ fe Ha MHoroo6pa3Hii nopojK,a;aeT HH(pnHHT63HMajibH06 npeo6- 
pa30BaHne 

(7.1) x' k =x k + e£ k 

KOTopoe Be^eT k npoH3BOflHofi Jim. IlpoH3BO,i];Hafl ilii roBopiiT Haii, kbr 06136x1 
H3MeiraeTCH, Kor,n;a mm ^bh^kgmch B,a;ojib BGKTopHoro nojia. 

TeopeMa 7.1. npoH3BO,a,Haji JIh MeTpHKH UMeem eud 

(7.2) C^g a b = t< a >9kb + t. !, Uh: + T l ka gi b £ k + T l kb gi a ^ k + g a b,<k>£, k 
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AjiexcaH^p Kjiefa 
MeTpiiKO-acjjcjjHHHoe MHoroo6pa3iie 



JJoKa3amejibcmeo. Mm Ha^HeM c npeo6pa30BaHHH (7.1). Tor,a;a 

9ab{x) = gab(x) + gab,ctC 

= 9ab ~ e ^ a 9cb ~ ^%9ac 

CornacHO onpe^ejieHHro npoH3BO,a,Hoii JIh, mm meeM 
Ce9ab = 9ab(x') - g' ab {x') 

= 9ab.c^ C + ^ a 9cb + e£,%gac 

= (g a b;<c> + ? d ac9db + ^tc9ad)^ C 

+ <%<a> - Wa^cb + e(eP<6> - rfb^ac 



(7.3) 



C-^ab = g a b;<oZ c + Ti c g db C + Tf c g ad C 

+ $<a>9cb - Wat d 9cb + ^ <b> 9ac ~ Wb^dac 

(7.2) cjie^yeT hs (7.3) h (2.4). □ 
TeopeMa 7.2. npoH3BO/i,Haa JIh cbh3hocth UMeem eud 



JJ,OKa3amejibcmeo. Mm HaiHeM c npeo6pa30BaHHH (7.1). Tor^a 



Tt c (x>) = n c (x') + A a bc (x') 
(7.5) = Tl(x) + T% C!p ee + A% c (x) + A^e? 



= rg c (x) + rg^ e ^ 

_ dx^_dx^dx3_ dx la d 2 x e dx la dx s dx g 

^~dx^dx^dx^ fg( - X ' + dx e dx' b dx' c + ~dx T dx^dx 1 ^ fg ^ 

= n c + <%Ttc - < 6 r: c - e^ri + (5 a e + eCJ(-< e c6 )) 

+ A°l c + e£, a e Al c — e£ \A a &c — e^ e A be 



(7.6) T> b i(x') = r tc + < e rg c - < b r ?c - < c r° e - e^ b 

IIo onpe^ejieHHio 

S;<e> ~~ S,e ' 1 peS 

(7.7) c 



fa ca I pa tP _ pP fa 

S;<e/> — S;<e>,/ T 1 p /C:<e> 1 e /S:<p> 



fa I pa rt I pa fP i pa fP _ pP fa 
S,e/ "r 1 pe,/? "r 1 pe?,/ "t" 1 p /?;<e> 1 e/?;<p> 



fa I pa CP i pa f P _ pa pP e r _i_ pa f P _ pP fa 
S,e/ ' 1 pe,/S " l " i pe?;</> 1 pe 1 r/S "1" 1 p/?;<e> 1 e/?;<p> 



f 7 8"! f » _ C a _ pa CP _ra tP i pa pP f r r a C p _i_ pP C a 

\'-°) S,e/ — ?;<e/> 1 pe,/S 1 pe? ; </> T 1 pe 1 r /? 1 p/?;<e> T 1 e /S;<p> 
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AjiexcaHflp KjieHH 
MeTpiiKO-acpcpHHHoe MHoroo6pa3iie 



Mm no,a;cTaBHM (7.8) h (7.7) b (7.6) h ncmyHiiM 

= Wc + £ (^ 4:T - rfeeW c - <^> 2 - igy r£ - ^; . „ r - r^)r£ 

_ e (t* _f3 CP _ ro"VP _i_ po~pP tr _ yo~pP i pp to \ 
t l?;<eb> 1 pc,6? 1 pc^ ; <b> 2 "I" 1 pe 1 rb 1 ? 1 1 pfeS;<c> ~r i- c b^-<p> J 

(7.9) Tf c {x') = T&+e(l% <e> TZ b -T*J^+^ 

CorjiacHO onpe,n;ejieHHio npoH3BO,a;Hoii Jin, Mbi hmggm, nojib3yacb (7.5) h (7.9), 
^=©')-^'))^ 

1 be fc lS;<e> J cb 1 pe? 1 k + ?;<c> J 6e + 1 pc? 1 be ?;<cb> T 1 pc b? J/ 6 

(7.10) £ s rfc = ^ p -C< e >^+rp^ p ii;-^ 

H3 (7.10) h (2.4) cneflyeT, hto 

fJpcT pa CP _ pa CP 
J ~£ L be ~ 1 cb,p? 1 cp,bS 

_i_ Ya^pe~CP "rFT^e~tP i "rFT^CP _ Fa re CP i pa re CP 

^ 1 pe 1 bc'^ 3 . r l£P_b£2_3 l£P_b£2_4T 1£P_£&2_ 4 e P cb ^ 

_ Fe pa CP _i_ pe pa CP _ pa p e CP i pa p e CP _ pa pe CP 
1 pc 1 be? T ipc^_eb5_ 1 l£^lZ£j_2'T eb 1 cp? 1 eb 1 cpS 

ca *pe pe T^a _i_ C a rpa £p Tia pp 

?;<e> J cb S^c^fce S;<c6> J ep,bs 1 bc,p i i 

/Vpa - — pa CP _ pa CP _i_ pfTT^^P — T°~T^~£P 
'"^ be ~ 1 c6,p? 1 cp,b? ^ 1 ep 1 cb^ 1 eb 1 cp? 

_ rpa pe - CP _ fa~Te pp _ ye~rpa pp _ j^cTrpe pp 
pe 1 be? ^.rp 1 ep 1 be? ^ ^pe^ebS ^ 1 eb cps ^ 

(7.11) — C : a <e>^cb — C<c>^be + £f<e&> 

_ T 70 CP i pa Tie t p _ pe *pa £p pe 'pa 

J cp;<b>S f 1 eb J cpS 1 eb' t ep^ i 1 pb J ceS 

_ ™ CP i pa - ^ pp _ "pe - CP _ pe - 'pa c 

bc;<p>S i L ep ± bcS ^ 1 bp ecS ^ L cp ± be>^ 

H3 (7.11) h [11]- (4.23) cjie^yeT, hto 

/"• pa pa CP 

J ~i L be — n epb^ 

rpe rpa pp rpa rpe pp rpe rpa p] 

cp ebS pe ebS bp ceS 

ca *pe c e *p a -L £ a 

S;<e> J cb ?;<c> J be ' S;<cb> 

Tia /^p rpa pp 

J cp;<b>S J bc;<p>S 

/" pa pa CP 

be — ^cbp? 

(rpa rpe i aid tig i Tia me \CP 
C 7 -ioN K 1 eb 1 cp + 1 ep 1 be + 1 ec 1 pblt, 

V * / ^y-ie c e T^a _i_ ca 

?;<e> J cb ?;<c> J be "+" ?;<cb> 

aid cp ^pa CP 

1 cp;<b>S J bc;<p>? 



no CP 

-5:T 
-a tf p 
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AjiexcaH^p Kjiefa 
MeTpiiKO-axjjcjjHHHoe MHoroo6pa3iie 



H3 (7.12) h (8.1) one,a;yeT, *ito 



J -i L be — -"-epb? 



P« CP _ K>a CP _ R" tP 
"bep? -"-pfcc? -"-cpb? 

T a CP -J- T a CP -J- T a CP 
± bc:<p>^ ' J pb;<c>S T J cp; <b>S Q 

S;<e> J cb ?;<c> J be ' ?;<cb> 

™ tp T^a cp 

- t ep;<b>s ^ ^bc;<p>S 



(7.13) ^Tg c — Rbcp^ ~ Rpbc£ P ~ Tbp:<c>£, P ~ ^<e> T cb ~ ^<c> T be + £;°<cb> 

Mm no,u;cTaBHM (2.6) b (7.13) 



f 7 1 A\ r^r a — — U a CP — T a CP — T e C a — T a C e — T p C a -I- c a 
l'- i4 V L -i L bc^ ^bep? i bp;<c>S i cb^;<e> 1 J beS;<e> J bc^;<p> 1 + £;<fec> 

(7.4) cjie^yeT H3 (7.14). □ 

Cjie^cTBHe 7.3. IIpou3eodHaji JIu ceji3Hocmu e puMauoeoM npocmpaucmee UMe- 
em eud 

(7.i5) c ( r a bc = -R« bp e + t;%b 

/foKaaamejibcmeo. (7.15) cjie^yeT H3 (7.4), Kor^a T b a c = □ 

8. TOKflECTBO BHAHKH 

TeopeMa 8.1. ITepeoe mootcdecmeo BuaHKU 3am npocmpancmea c KpynenueM UMe- 
em eud 

rpk I rpk i rpk i rpk rpP . rpk rpP , rpk rpP 

ij\<m> ' - L mi;<j> ' jm\<i> ~*~ pi jm ' pm- 1 - ij ' 1 pj mi 

(8.1) 

- H k -I- Tl k -I- Ft k 
jmi ' ijm ' mij 

^OKasameAbcmeo. ^HCpcpepeHiiHaji paBeHCTBa (2.3) meeT bh^ 



T^ m 9 m A P A W = (T k hm - I* J0™ A fl* A 0* 
/^Be (popMbi paBHbi, Kor/ia ix xoscpcpimiieHTbi paBHbi. Cjie^OBaTejibHO 



T 1 ^ _i_ '-pk _j_ tiA; _ -pfc pfc i pfc pfc , pfc pfc 

- L ij,m ' - L mi,j * jm,i L ji,m ij,m ' im,j mi.j ' mj,i jm,i 

Mbl Bbipa3HM npOH3BOflHbie, nOJIb3yflCb KOBapHaHTHblMH npOH3BOflHbIMH, H H3M6- 

hhm nopH^OK cuaraeMbix 



rpk pfc rpp I pP T">fc pP T^fc 

± ij;<m> L pm ± ij ^ > L im- 1 pj ^j, L jm ± pi ^ r ^ 

I rpk _ pfc rpp , T~p rpk _ pP rpk 

'^- L mi\<j> L pj mi^' mj pi^ ijpm^^ 



rpk _ pfc rpP . yp rpk _ pP rpk 

jm;<i> 1 pi jm „ ' ji pm^ mi pj 



.2 



pfc 

ji,m 


-r k ■ + r k t p - - 

jm,i 1 pm- 1 - 


pfc pP _ 

pi jm 


r fc r p . - 

p™ j» 4 


_pfc pP 
pi jm 6 


+ r k . 

1 irn.j 


-r fe . +r fc .r p - 


pfc pP _ 


r fc r p 4 

pj im 5 


. pfc pP 












+ r k . . 


pfc i pfc pP 

mi.j ' pi mj 


pfc pP _ 

pj mi 


r fc .r p . 4 

pj rn-j g 


pfc pP 

pj mi 5 


rpk 

z i 7;<m> 


i rpP rrifc , rpP rpk 

' mi pj ' jm pi 


1 mz;<j> 


, /rip rpfc 
1 ij pm 


4- T fe 

1 jm;<i> 


= R k 

j mi 


1 Dfc _i_ C)fc 

ijm ' mij 
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AjiexcaHflp KjieHH 
MeTpHKO-acjjcjjHHHoe MHoroo6pa3iie 



(8.1) cjie^yeT 113 (8.2). □ 

ECJIH MM B03bMGM npOI13BO,H,HyiO (pOpMbl [ll]-(4.22), MM yBH^HM, ITO BTOpOe 
TOJKfleCTBO BliaHKH He 3cLBHCHT OT KpyHeHHH. 

9. Bektop KmiHHrA 

IlHBapHaHTHOCTb MeTpH^eCKOrO TeH30pa g npH HH(pHHHTe3HMajIbHOM KOOpflH- 

HaTHOM npeo6pa30BaHHH (7.1) iiphbo^ht k ypaBHemiio Kmiirara. 

TeopeMa 9.1. YpaeneHue Kujiuma e MempuKO-acficfiuHHOM MHOzoo6pa3uu UMeem 
eud 

(9.1) $ <a> 9kb + ^<b>9ka + T l ka9lb e + T' kb gU k + g ab - <k> e = 

JJoKa,3amejibcmeo. HHBapiiaHTHOCTb MeTpirqecKoro TeH3opa g osiia^aeT, ^to ero 
npoH3BO,a;Hafl JIh paBHa 

(9.2) C^Jab = 

(9.1) folows H3 (9.2) ii (7.2). □ 

TeopeMa 9.2. YcAoeue UHeapuanmHocmu cen3Hocmu e MempuKO-acp'cp'uHHOM mho- 
zoo6pa3uu UMeem eud 



(9-3) £ : a <bc> — Rbc P £ P + ^bp;<oC P + T b a p !;f <c> 

JHoKasamejibcmeo. Tax xax CBH3HOCTb HHBapiiaHTHa npii HH(pHHHTe3HMajibHOM npe- 
o6pa30BaHHH, mm HMeeM 

(9.4) C^f c = 

(9.3) cjie^yeT 113 (9.4) h (7.4). □ 

Mm Ha3biBaeM ypaBHeHne (9.3) ypaBHemieM KmiHHra BToporo po^a h Bex- 
Top £ a BeKTopoM KnjiHHra BToporo po,a,a. 

TeopeMa 9.3. BenmopoM Kujiuma emopozo poda ydoejiemeopnem ypaenenuw 



o = R a bcp e + R a cpb e + R a pbc e 

V ' ) , rpa cP I ^pa cP I TiP fa i T^a CP \ ^ra cP 

"r-'bpic? ~r J pe;b? "T" ± cb ^;<p> ~ l ~ 1 bpS;<c> T 1 pcS ; <6> 

JJ,OKa3amejibcmeo. H3 (9.3) h (2.6) cjie^yeT, ito 



W CP _ T p t a — R a fP X T a £P 4- T a P v 

,„ „, "-tAkS J 6c'5;<p> — -""cop? ^ J ep;<h><; T^- t cpS ; <b> 

(9.6) 

_ pa ep _ T^a £p _ rria rfJ 

Jl 6cpS - t 6p;<c>? ^6p?;<c> 

(9.5) cjie^yeT H3 (9.6). □ 

Cjie^cTBHe 9.4. YpaeneHueM Kujiuma emopozo poda e puManoeoM npocmpan- 
cmee siejisiemcM, mootcdecmeoM. CeM3Hocmb e puManoeoM npocmpancmee uneapu- 
azmna npu jik>6om UH(fiuHume3UMajibH0M npeo6pa3oeanuu (7.1) 

JJ,OKa3amejibcmeo. IlpejKfle Bcero, KpyqeHiie paBHO 0. OerajibHoe HBjiaeTCH cjie^- 
CTBneM nepBoro TCDK^ecTBa BiiaHKH. □ 
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AjiexcaH^p Kjiefa 
MeTpiiKO-acjjcjjHHHoe MHoroo6pa3iie 



10. IlEPEHOC KAPTAHA 

TeopeMM 5.2 h 6.1 yTBepjK^aiOT, hto ^BHJKeHHe B^ojib kphboh nopojK^aeT npe- 
o6pa30BaHne BeKTopa, flonojiHHTejibHoe k napajuiejibHOMy nepeHOcy. 9to npeo6- 
pa30BaHne OHem> BajKHO h mm 6y^eM Ha3biBaTb ero nepeHocoM KapTaHa. Mm 
onpe,a;ejiHM chmboji KapTaHa 

r(C)L = -^g %m {9kl;m — 9km;l ~ 9ml;k) 

H CBH3HOCTb KapTaHa 

IIojib3yHCb CBfl3HOCTbK3 KapTaHa, mm mojk6m 3anHcaTb nepeHOC KapTaHa b BH^e 

do* = -T^ a k dx l 
CooTBeTCTBeHHO, mm onpe^ejiHM npoH3BO/i;Hyio KapTaHa 

'vTa 4 = a ? {0 = dia 1 + a k 



D a 1 = da l + T l kl a k dx l 

TeopeMa 10.1. IlepeHoc Kapmana edojib 9KcmpeMa,AbHou Kpueoti coxpannem djiu- 
ny nacamejibHoso eenmopa. 

,]J,OKa3amejibcmeo. IlycTb 

i _ dx l 
ds 

- KacaTejibHbifi BeKTop k SKCTpeMajibHoii kphboh. H3 TeopeMM 5.2 cjie^yeT, ^to 

Dl > 1 1 il 1 \ k n 

—J— = 7,9 {9kj;i ~ 9ik;j ~ 9ij;k) V V J 



Dg u v k v l Dg u k , Dv k , k Dv l 

= -j—vv + gki—j—v l + 9kiv k -r- = 

ds ds ds ds 

= 9kl;pV P V k V l + 
+9kW lk ^ (g r j;i - 9ir;j ~ 9ij;r) «W + 
+gklV k g d ^ (g r j;i ~ 9ir;j ~ 9ij;r) V r V° = 

= 9ki-pV p v k v l + (g rj ,i - g lr ,j - g lj]r ) v r v 3 v l = 
Cjie,a;oBaTejibHO fljiHHa BeKTopa v l He MeHaeTCH B^ojib SKCTpeMajibHoii kphboh. □ 

Mm pacnpocTpaHHM nepeHOC KapTaHa Ha jik>6oh reoMeTpniecKHH o6i>ewT no- 
,h;o6ho TOMy, KaK mm sto flejiaeM fljia napajuiejibHoro nepeHOca. 

TeopeMa 10.2. 

9ij;{l} = 
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AjiexcaHflp KjieHH 
MeTpiiKO-acpcpHHHoe MHoroo6pa3iie 



JJoKa3ameAbcmeo. 



V; gij = dig l3 - Y% g kj - T% g lk 



— 9ij;l + 29 km (9il;m — 9im;l — 9ml;i)9kj + ^9 km {9jl;m — 9jm;l — 9ml;j)9ik — 

□ 

CB.H3H0CTb KapTaHa T kl OTjiH^aeTca ot cbh3hocth T kl Ha flonojiHiiTejibHoe cjia- 
raeMoe, KOTopoe ABJiaeTCH CHMMeipHiHbiM TeH3opoM. Jlim jiio6oh cbh3hocth Mbi 
onpe^ejiaeM CTaH^apTHbiM o6pa30M nponsBO^Hyio h KpiiBH3Hy. yTBepjKfleHHfl reo- 

M6TpHH H (pH3HKH HMeiOT OflHy H Ty >Ke (pOpMy, He3aBHCHMO OT TOrO HCnOJIb3yK3 
JIH H CBH3HOCTb T % kl HJIH CBH3HOCTb KapTaHa. HT06bI 9TO nOKa3aTb, MM MOJKBM 

o6o6iri;HTb noHHTne CBH3HOCTH KapTaHa h H3ynaTb CBH3HOCTb, onpe,n;ejieHHyio pa- 

BeHCTBOM 

(10.1) fk = r£, + 4, 

r,a;e A - sto 0, hjih chmboji KapTaHa hjih jno6oii ^pyroii CHMMeTpHHHbra TeH3op. 
Cootbgtctbghho mm onpeflejiaeM npoH3BO,a;Hyio 

Via 1 = a* t<l> = dia 1 +T^a fe 
~Da l = da 1 + Yl ia k dx l 

H KpHBH3Hy 

(10.2) Wi = ^-^+^Ti-Wli 

Qt& CBH3HOCTb HMeeT TOJKe Kpy^eHHe 

(10-3) T? b =Tg-T% 

C stoh tohkh 3peHHH TeopeMa 10.1 (MHa^aeT, mto SKCTpeMajibHaa KpHBaa hb- 
jiaeTca reoflesH^ecKoii fljia cbh3hocth KapTaHa. 

TeopeMa 10.3. Kpueu3na c6m,3hocttiu (10.1) UMeem end 



(10.4) Rbde — Rbde + ^be:d ~ ^bd:e + ^cd^be ~ ^ce^bd + ^de^bp 

zde Rl de - npueu3Ha cen3Hocmu T l kl 
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AjieKcaHJjp Kjiefa 
MeTpiiKO-axjjcjjHHHoe MHoroo6pa3iie 



JJoKa3ameAbcmeo. 



pa pa _ -pa i pa -pc pa pc 

"hde — 1 be,d 1 bd,e ' 1 cd 1 be 1 ce 1 bd 
pa i yia pa _ 

— 1 be,d "T" ^be^d 1 bd,e A bd,c 

+ (red + ^cd)(r oe + ^be) ~ (^ce + ^ce)(r o d + ^ 
pa i 4 a pa /ta 

— 1 be,d T ^*be,d ~ 1 bd,e — ^bd.e 
i pa pc _i_ pa ic | Aa pc , 4a 4c 

+ 1 cd 1 be T 1 cd^be + ^cd 1 be + A cd A be 

1 ee 1 bd ^ce 1 bd 1 ce^bd ^ce^bd 

- 7? a -l-/l a — A a 

— n bde + A be.d A bd,e 

1 pa ac , 4a pc 1 4a 4c 

' 1 cd^be T ^cd 1 be ' A cd A be 
_ Aa -pc _ pa /tc _ Aa ac 

A ce L bd 1 ce^bd ^ce^bd 
r>a 

— -"bde 

1 4 a _ pa 4P , pP 4a 1 pP 4a 
+ A bc:d 1 pd^be , + 1 bd /i pe 1 + 1 ed yi bp 1? 

A bd;e + L pe^bd 3 1 be^pd, . i _def^bp_ 1 

1 -pa ac 1 pc 4a 1 4a 4c 
+ 1 ed^be , + 1 be A cd ^ + A cd A be 

— V c A a V a A c A a A c 
1 bd^-ce .y 1 ce /1 bd 3 A ce A bd 



bd ' 



□ 



Cjie,a;cTBHe 10.4. KpuBH3Ha KapTaHa uMeem eud 

(IQ 5-) ^bde = -^bde — r(C)b e; d + ^(C)^.,, 

+ r(c)^r(c) oe - r(c)^ e r(c)g d - T| e r(c)g p 

11. 3AKOH HblOTOHA: CKAJMPHblH nOTEHLJHAJI 
3hcLHHG flHHaMHKH TO^eHHOH ^aCTHUhl Ba>KHO flJIS HaC, TaK KaK MM MOJKeM H3y- 

iaTb Kax ^acTHLta B3aHMO,n;eHCTByeT c bhgiiihhmh hojlhmh, TaK KaK CBoiicTBa 
caMoii HacTHn;bi. 

Hto6m H3yHHTb JIBHJKeHHe TOHeiHOH HaCTHHM, MM MOJK6M HCnOJIb30BaTb nOTeH- 

iniaji onpe^ejieHHbix nojieii. noTeHiniaji McrateT 6biTb CKajrapHMM hjih BeKTopHbiM. 

B cjiy^ae CKajiapHoro noTeHiniajia mm nojioacHM, hto TOHe^Haa ^acTHija hmggt 
Maccy noKOH m h mm nojib3yeMca cpyHKinieii JlarpaHJKa b cnejjyiomeM BHjj;e 

L = —mcds — Udx° 

o r,n,e U - CKajiapHbiH noTeHipiaji hjih noTemiHajibHaa 3Heprna. 

TeopeMa 11.1. (TlepBbiH 3&koh HbioTOHa^) Ecjiu U = (cjiedoeamejibno, mu 
paccMampueaeM ceo6odnoe deuotcewue), mo mejio eu6upaem mpaeKmopuw c bkc- 
mpeMaAbHou djiuHoii. 

TeopeMa 11.2. (T3Topoii 3aKOH HbioTOHa^) Tpaenmopum monenHou uacmuvfii 
ydoejiemeopnem dudydyepewnuaAbHOMy ypaenenuw 

^eTu 1 u° , 

11.1 — — = — F 

as mc 

* dx l 
u J = — — 
as 
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AjiexcaHflp KjieHH 
MeTpiiKO-acpcpHHHoe MHoroo6pa3iie 



zde mu onpedejiMeM cujiy 

(11.2) F l = g il ^i 

K ' dx l 

JJoKa3ameAbcmeo. IIojib3yHCb (5.2), mm mo>kgm 3aniicaTb BapnaixHio jiarpaHJKHaiia 
b BH,a;e 

-mc {g m - 9ik-.i - 9ii;k) u k v?ds - mcg^Du 3 + g^dx = 
OTcro^a cjie^yeT yTBepjK^eHHe TeopeMM. □ 

12. 3AKOH HbKDTOHA: BEKTOPHMH nOTEHD,HAJl 

B pa3,a;ejie 11 Mbi waynvum ^HHaMHKy CKajiapHoro noTempiajia. 0,a;HaKO b ajieK- 
Tpo^HHaMHKe mm paccMaTpHBaeM BeKTopHBiii noTemjiiaji A k . B stom cjiy^ae 
^eiicTBHe HMeeT bh^ 



(^-mcds - -Aidx 1 ^ 
A c = g cd A d 



TeopeMa 12.1. TpaenmopuM, nacmuvfii, deuotcyu^eucM, e eenmopnoM nojie, ydoejie- 
meopnem dudydjepem^uaAbHOMy ypaeHeuuw 

— ~g lJ F H u l 



ds 

dx l 



u 3 = 

ds 

zde mu onpedejixeM TeH3op HanpaaceHHOcra nojia 

F dc = A d , c - A c , d + S p dc A p = V c A d - ^v7 A c + S P C A P 

/^OKasameAbcmeo. IIojib3yflCb (5.2), mm MO»ceM 3aniicaTb Bapnai^Hio ^eftcTBira b 
BH,i;e 

SS = 



ti 



»"■ I g \9kj;i - H.j J - gik;j 



) u k u j ds - //,,/>»// ' j 5x l - - (5Aidx l + AiSdx l )^j 



Mm MO»ceM ou;eHHTb BTopoe cjiaraeMoe 



e 



- (Ai k dx l Sx k + AidSx 1 
c v ' 



= -- (Ai, k dx l 8x k + T p k A p dx l Sx k + AidSx 1 ) = 
= -- (A k ,idx l Sx k + {A hk - A k ,i)dx l 5x k + Sf k A p dx l 6x k + T p kl A p dx l 6x k + AidSx 1 ) 
= - e - (DA k Sx k + A k DSx k + (A hk - A k;l ) dx l 5x k + Sf k A p dx l 5x k ) = 

= -- ( d (A k Sx k ) + (A l;k - A kd + Sf k A p ) dx l Sx k 

IlHTerpaji nofl^epKHyToro cjiaraeMoro paBeH 0, Tax xax tohkh, Kor,i;a t = t\ h 
t = <2, cpiiKciipoBaHM. Cjie,n;oBaTejibHO, 

-mc Q (g k j-,i - //,,:, v - gik-j) u k u 3 ds - g lj Du J ^j - ^F u dx l = 

OTCio^a cjie,n;yeT yTBep^K^eHne TeopeMM. □ 
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AjieKcaH,ap Kjiefa 
MeTpiiKO-acjjcjjHHHoe MHoroo6pa3iie 



H3 3Toii TeopeMM cne^yeT 3aBHCHMOCTb TeH3opa HanpajKeHHOCTii nana ot npo- 
H3BO,a;Hoii mgtphkh. 3to h3mgh5igt (popMy ypaBHeHiia 9faniTeHHa 11 HMnyjibc rpa- 
BHTai^HHHOro nojifl noHBJiaeTCH b cjiy^ae BeKTopHoro nana. 

TeopeMa 12.2. TeH3op uanpsiMceHHOcmu nojisi ne u3MeHJiemcM,, nozda eenmopHuu 
nomeni^uaji u3Menjiemcji cozjiclcho npaeujiy 

A'^Aj + djA 

zde A - npou380JibHa,M $yHKij ) UM, x. 

JHoKasamejibcmeo. H3MeHemie b TeH3ope HanpajKEHHOCTH nana HMeeT BH,n, 

{d d A). c -{d c A), d + S p dc d v A = 
d cd A ~ T p dc d p A - d dc A + T p cd d p A + S p dc d p A = 
9to ^,OKa3biBeT TeopeMy. □ 
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